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Introduction

The topic of this thesis is the simulation of the
83m

Kr mode of the tritium source of the

KArlsruhe TRItium Neutrino (KATRIN) experiment, which will be used for the studying

of critical systematic e�ects.

The KATRIN experiment, currently in its �nal construction and commissioning phase,

will perform a kinematic measurement of the electron neutrino mass mνe
by precision

spectroscopy of the tritium β decay spectrum at its kinematic endpoint with and energy

of 18.6 keV. KATRIN aims to reach an unprecedented sensitivity of 200 meV (90 % C.

L.) [KAT04], which can be accomplished using a high luminosity tritium source and a

large scale spectrometer of the MAC-E �lter type, while keeping stringent limits on the

systematic uncertainty budget.

To reduce systematic e�ects while providing high luminosity KATRIN will use a Window-

less Gaseous Tritium Source WGTS, in which the tritium gas gets continuously cycled.

One of the major possible sources of systematic errors is the energy calibration of the

experiment, requiring a 60 meV precision of the potential di�erence of main spectrometer

and tritium source. The absolute potential of the tritium source is strongly in�uenced by

the radioactive decay of the tritium, which entails the formation of a low density plasma.

It is expected, that the mean of the plasma potential is related to a shift of the measured

tritium endpoint, whereas the inhomogeneity of the plasma potential produces a Gaussian

�uctuation σβ in the electron spectrum, ultimately leading to a neutrino mass shift of

[RK88]

∆m2

ν = −2σ 2

β . (1)

For the studying of the plasma e�ects the usage of the
83m

Kr mode of the gaseous tritium

source is proposed. Mesomeric krypton-83m exhibits several mono-energetic electron

conversion lines in the favourable KATRIN energy range, it is gaseous at feasible KATRIN

conditions and it can therefore be dispersed along with the tritium gas inside the tritium

source. It is expected that the in�uence of the plasma potential on the krypton-83m

conversion electron spectrum and the β spectrum is very much comparable. In particular,

an energy shift of the krypton-83m conversion electron spectrum should be related to the

mean plasma potential and a broadening σg of the krypton-83m conversion electron lines to

the plasma potential inhomogeneity. Thus, it is planned to use the estimate for σg obtained

in
83m

Kr mode measurements to quantify the plasma potential induced neutrino mass shift,

a procedure which has succesfully been used by the predecessor Troitsk Neutrino-Mass

Experiment [Bel+08].

Furthermore, previous works have shown, that in principle an approximated model for

the shape of the plasma potential is obtainable out of
83m

Kr mode measurements [Hua10].
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This information on the shape of the potential could even be used to correct the plasma

potential induced neutrino mass shift.

Consequently, it is the subject of this thesis to embed a comprehensive simulation model of

the
83m

Kr mode into the KATRIN simulation framework and to use this model to predict the

sensitivity of KATRIN
83m

Kr mode measurements on the coe�cients of di�erent models

of the plasma potential.

This thesis is divided into four chapters:

In chapter 1 a brief introduction to neutrino physics is given. It covers the history of

the discovery of the neutrino, as well as the experimental evidence that neutrinos have a

non-vanishing mass.

Chapter 2 gives a short overview of the KATRIN experiment, which aims to measure the

neutrino mass with unprecedented sensitivity. The basic components of the experiment

as well as its comprehensive analysis and simulation framework is explained.

In chapter 3 follows a detailed discussion of the KATRIN
83m

Kr mode. It covers the

operational parameters in
83m

Kr mode, as well as the enhancements of the KATRIN

software framework, which are necessary to simulate the
83m

Kr mode measurements.

Finally, in chapter 4 the sensitivity studies on the coe�cients of di�erent plasma potential

models are presented. The chapter starts with a detailed discussion on the chosen input

parameters for the simulation studies. Furthermore, the relevant physical processes

concerning the sensitivity of
83m

Kr mode measurements are explained. This is followed

by the presentation of the simulation results and a comprehensive discussion. Based on

this discussion, the chapter is concluded with concrete recommendations for
83m

Kr mode

measurements.

The thesis ends with a summary and an outlook on possible, reasonable enhancements of

the
83m

Kr mode simulation, which are based on the �ndings of this work.
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1. Neutrino Physics

In this chapter a brief introduction to neutrino physics is given. Section 1.1 provides a

short summary on the discovery of the three neutrino �avours known today. In section 1.2

neutrino oscillations are discussed, which provide an evidence, that neutrinos are not

massless. Finally, in section 1.3 complimentary methods for determining the neutrino

mass are presented.

1.1. The Discovery of Neutrinos

A natural starting point for neutrino physics history are the intense studies of radioactive

decays around the end of the 19th century. In 1914 Chadwick observed a continuous

energy spectrum of electrons emitted in β decay [Cha14], which tightened the de�cits in

the theoretical understanding of this process. Since at this time only two decay products

(an electron/positron and the daughter nucleus) could be measured, the β decay was

believed to be a two body problem. Consequently, due to energy momentum conservation

a monochromatic fermion energy was expected. In addition, the perception of β decay

as a two body problem also violates the conservation of angular momentum, since the

spin-statistics of mother and daughter atom was measured to be equal.

With his postulation of the neutrino in 1930 Pauli could resolve both problems [Pau30]. As

this particle never had been observed, Pauli claimed it to be neutral and named it neutron.

Two years later a heavier, neutral particle, today’s neutron, was discovered by Chadwick

[Cha32]. As a result Pauli’s particle was called neutrino, a name introduced by Enrico

Fermi, who also gave the �rst theory of β decay [Fer34].

Fermi theory of β decay in 1933

Fermi’s theory essentially involves the neutrino. He introduced a point like interaction

of the four particles participating in β decay, which enabled him to give the �rst theoret-

ical explanation of the continuous β spectrum. This theory is still valid today in a low

energy limit, when the inner structure of the vertex and the hadrons can not be observed

(�gure 1.1).

However, it took another 23 years, only 2 years before Pauli’s death, until neutrinos where

�nally proved to exist in the Savannah River Experiment [Cow+56].

1



1. Neutrino Physics

(a) (b)

Figure 1.1.: Theory of β decay, here β−, in today’s theory of weak interaction. a) A neutron

(n) changes into a proton (p) due to the conversion of a down quark (d) into an

up quark (u). Thereby a W
−

boson gets emitted, which decays into an electron

(e
−
) and an electron antineutrino (ν̄e). In Fermi theory b), the interaction is

described as point-like, with proton, neutron, neutrino and electron interacting

in one vertex in time and place. The substructure of this vertex is condensed

into a phenomenological coupling constant, the Fermi constant GF.

The Savannah River Experiment

In 1956 a team around C.L. Cowan and F. Reines succeeded in proving a neutrino-induced

reaction, the inverse β decay

ν̄e + p→ e
+ + n . (1.1)

To maximise the signal, their experiment was built close to a nuclear power plant at

Savannah River Cite, which produced a great deal of electron antineutrinos. For the

detection they used two chambers of an aqueous solution of cadmium chloride (CdCl2),

accompanied by three liquid scintillators and photo multipliers to measure a coincidence

signal of two photons. The latter provides a strong reduction of background events.

Since the hydrogen in water provides weak bound protons, it is an optimal candidate

to start the above reaction. The thereby created positron will quickly annihilate with

an electron into two characteristic photons with the energy Eγ = me = 511 keV. In the

timespan of a few µs after that, the neutron will be moderated by interactions with the

water, thus being captured by a cadmium nucleus. Thereby the nucleus will get excited,

emitting the excitation energy by means of another photon, which then can be detected.

Considering the incoming antineutrino rate given by the power of the reactor and the

handful of detected events, a cross section for this reaction of σ = 6.3 · 10
−44

cm
2

was

obtained [Cow+56], which is in good agreement with Fermi’s theory.

6 years after the proof of existence of the electron neutrino, evidence for another neutrino

�avour, the muon neutrino νµ , was given at the Brookhaven National Laboratory [Dan+62].

2



1.2. Massive Neutrinos - Neutrino Oscillations

Figure 1.2.: Standard Model (SM) of particle physics: The SM comprises 17 particles,

grouped in 12 fermions (violet and green) and 5 bosons (red and yellow).

The fermions are additionally divided into quarks and leptons (taken from

[Wik06]).

Yet another neutrino �avour was expected to exist, when the tau lepton was discovered

in 1975. It took another 25 years until the tau neutrino νµ was observed at the DONUT

experiment at the Fermi Lab [Kod+01].

By measuring the decay width Γ
Z

0 of the Z
0

boson at the Large Electron Positron Collider

at CERN, the number of neutrino �avours is determined to Nν = 2.98 ± 0.01 [LG06],

which holds for light neutrinos (for which 2mν < m
Z

0 = 91 GeV/c
2
) participating in

weak interactions. This result is in perfect agreement with today’s fundamental theory of

particle physics, the Standard Model.

1.2. Massive Neutrinos - Neutrino Oscillations

The Standard Model provides a comprehensive theory of particles and particle interactions,

giving the most precise theoretical predictions ever made in physics. A chart of its particles

can be seen in �gure 1.2.

In the time of its formulation no evidence for massive neutrinos existed and consequently

the standard model was formulated with the assumption of a vanishing neutrino mass.

3



1. Neutrino Physics

However, neutrino oscillation experiments in the 90’s of the last century led to the conclu-

sion, that this assumption is wrong.

Neutrino Oscillations

In the Homestake experiment [Cle+98], a team around Raymond Davis aspired to con�rm

John Bahcall’s theoretical prediction [Bah64] on the solar electron neutrino �ux produced

by hydrogen fusion inside the sun. The measurement required a low energy threshold,

which could be achieved by counting of argon atoms produced in an inverse beta decay:

νe +
37

Cl→ 37
Ar
+ + e

− . (1.2)

The argon atoms were extracted via helium bubbles out of more than 600 t perchloroethy-

lene, puri�ed and counted in a separate tank. For the latter an electron capture process to

excited
37

Cl
∗

was exploited, which produced a characteristic auger electron by deexcitation.

After 24 years of measurement (1970-1994) this resulted in an average of ≈ 0.5 captured

electron neutrinos per day, which can be translated to a solar neutrino �ux of

Ṅexp = (2.56 ± 0.16 ± 0.16) SNU . (1.3)

Here SNU denotes the solar neutrino unit, specifying the neutrino �ux which leads to

10
−36

captures per target atom per second.

Compared to Bahcall’s theoretical prediction, the result of the Homestake experiment was

a factor 1/3 too low. The experiment was followed by others (Kamiokande, SAGE, GALLEX,

Super Kamiokande [Suz95; Abd+94; Ham+99; Fuk+01]), neither of them falsifying Davis’

measurement. The theory of the standard solar model was repeatedly checked but a

discrepancy of 1/3 to 1/2 remained. It turned out, that no adjustment in the solar model

could simultaneously explain the total neutrino �ux and the measured energy spectrum.

Hence, the solution of the solar neutrino problem was not an e�ect related to neutrino

production, but to propagation. This was �rstly introduced by B. Pontecorvo [GP69], who

stated that neutrinos can change their �avour while propagation, thus introducing the

concept of neutrino oscillations. However, a necessary requirement for the existence of

neutrino oscillations is, that neutrinos have a non-vanishing mass.

The �rst experimental evidence for neutrino oscillations was given in the Sudbury Neutrino

Observatory (SNO) experiment, which was able not only to measure electron neutrinos,

but in addition the sum of all neutrino �uxes by the unique usage of 1000 t of heavy water

[SNO+02]. In addition to charged-current (CC) reactions like in equation 1.2, this enables

the detection of the following neutral-current (NC) reaction:

να + d→ p + n + ν ′α , (1.4)

in which d labels the deuteron and α ∈ {e, µ,τ } the neutrino �avour. The resulting free

neutron will be captured, thereby ultimately producing fast electrons, which were detected

through Cherenkov radiation. Thus, in 2001 the SNO collaboration published the following

�uxes for the CC and NC reactions:

ϕSNO

CC
= 1.76

+0.06

−0.05
(stat.)+0.09

−0.09
(syst) · 10

6
cm
−2

s
−1 ,

ϕSNO

NC
= 5.09

+0.44

−0.43
(stat.)+0.46

−0.43
(syst) · 10

6
cm
−2

s
−1 .

(1.5)

4



1.2. Massive Neutrinos - Neutrino Oscillations

This is in a perfect agreement with the expectation, that approximately only 1/3 of the

total �ux is contributed by electron neutrinos.

Meanwhile the existence of neutrino oscillations has been proven by a great many of

experiments not only for solar neutrinos, but also for neutrinos produced in nuclear reactors

and the atmosphere. Two of them, the SNO and the Super-Kamiokande Collaboration, were

honoured with 2015th Nobel Prize of physics "for the discovery of neutrino oscillations,

which shows that neutrinos have mass" [Nob15].

Theory of Neutrino Oscillations

The key assumption for the theoretical explanation of neutrino oscillations is, that the

�avour eigenstates |να 〉 (α ∈ {e, µ,τ }, i.e. the states of weak interaction) are not equal

to the mass eigenstates |νk〉 (k ∈ N, i.e. the states of propagation). Here, in general k
can take values larger than 3, if sterile neutrinos

1
exist, mixing with the known �avours.

Introducing a mixing matrix U , the di�erent states can be linked via [Zub11]:

|να (t )〉 =
∑
k

U ∗αk e
−iEtot

k t |νk〉 . (1.6)

The phase factor e−iEtot

k t
is obtained on the assumption, that the interaction length is much

smaller than the length of free propagation, thus the time evolution is the one of a free

particle
2
.

Since the phase velocity is given by the propagation states’ energies Ek , the mixing will

not stay constant in time, if the states obey di�erent masses. Hence, mass is a necessary

requirement for the existence of neutrino oscillations.

Deriving the probability P to detect a neutrino that was created in a �avour state α in a

�avour state β after propagating a distance L results in

P(να → νβ ) = | 〈νβ |να (t )〉 |
2

= δαβ − 4

∑
k>j

Re(U ∗αkUβkUαjU
∗
βj ) sin

2

∆m2

kj
L

4E
.

(1.7)

For the sake of readability, charge particle CP invariance has been assumed, which leads

to a real U . ∆m2

kj
= m2

k
−m2

j is the di�erence of the squared masses of the propagation

states k, j. Therefore, oscillation experiments cannot probe absolute neutrino masses, but

only mass di�erences.

In the case of k ≤ 3, U is called the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix.

Due to its unitarity, it can be decomposed into three mixing angles θij , denoting the mixing

1
Neutrinos, which do not participate in weak interaction, thus interacting only gravitationally. There are

theoretical arguments in favour of an existence as well as experimental hints [Ham+11].

2
This reasoning is not strictly true in the presence of very dense matter (like for example in the core of the

sun), where additional e�ects can appear (i.e. the Michejew-Smirnow-Wolfenstein-E�ekt e�ect [Wil+88;

MS86]). In general, �nding the correct time evolution will involve quantum �eld theoretical methods.
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1. Neutrino Physics

between the mass states i, j and three phases δ ,α1,α2, such that it reads:

U = *.
,

1 0 0

0 cosθ23 sinθ23

0 − sinθ23 cosθ23

+/
-
×

*.
,

cosθ13 0 sinθ13 · e
−iδ

0 1 0

− sinθ13 · e
−iδ

0 cosθ13

+/
-

×
*.
,

cosθ12 sinθ12 0

− sinθ12 cosθ12 0

0 0 1

+/
-
×

*.
,

1 0 0

0 e iα1
0

0 0 e iα2

+/
-

(1.8)

Here δ is often called a CP violating phase, and α1,α2 denote Majorana phases.

This representation is particularly useful, since the oscillations are separated by their

mass-di�erence scales, so that only the oscillation between two neutrino �avours can be

taken into account in an approximate description. In this picture, the transition probability,

for example in the case of νµ-ντ -mixing, reads:

P(νµ → ντ ) = sin
2

2θ sin
2
∆m2

23
L

4E
. (1.9)

Hereby Losc =
4E

∆m2

i j
speci�es the oscillation length.

Depending on the accessible length scales and energies variable experiments can be made

to probe the mass di�erences and mixing angles, including atmospheric, accelerator,

nuclear and solar neutrinos. The di�erence of the squared masses of m1 and m2 has been

determined in experiments observing the oscillations of solar neutrinos. m2

1
−m2

3
is known

from atmospheric neutrino oscillation experiments. However, the hierarchy of the mass

eigenvalues is not known. m1 < m2 < m3 is called the normal and m3 < m1 < m2 the

inverted hierarchy. The latest results of a combined analysis are shown in table 1.1, for

both scenarios.

Since oscillation experiments cannot provide the absolute values of the mass eigenstates,

di�erent experimental approaches are necessary for setting the scale of the absolute

neutrino mass.

1.3. Complementary Methods for Determining the Neutrino
Mass

The existence of neutrino oscillations is an evidence for massive neutrinos. Hence, strong

e�orts in measuring the neutrino mass are made today and the most important in the

respective �eld is presented in the next sections. However, the existence of neutrino

oscillations also demands some attention on the de�nition of "the neutrino mass", since

every laboratory experiment in this �eld will somehow exploit the weak interaction and

thus be sensitive to a certain combination of mass eigenvalues and PMNS matrix elements.

The decomposition of this observables into their primal parts relies on a combination of

experimental results, while only the mixing angles in the PMNS matrix are known today,

provided by oscillation experiments.
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1.3. Complementary Methods for Determining the Neutrino Mass

Table 1.1.: Neutrino mixing parameters
Combined values from a global 3ν oscillation analysis. The following de�nitions

are used: δm2 = m2

2
−m2

1
, ∆m2 = m2

3
− (m2

1
+m2

2
)/2 for normal and ∆m2 =

(m2

1
+m2

2
)/2 −m2

3
for inverted hierarchy (from [Cap+16]).

Parameter Hierarchy Best �t 3σ range

δm2/(10
−5

eV
2) Both 7.37 6.93-7.97

∆m2/(10
−3

eV
2)

normal 2.50 2.37-2.63

inverted 2.46 2.33-2.60

sin
2 θ12/10

−1
Both 2.97 2.50-3.54

sin
2 θ13/10

−2
normal 2.14 1.85-2.46

inverted 2.18 1.86-2.48

sin
2 θ23/10

−1
normal 4.37 3.79-6.16

inverted 5.69 3.83-6.37

δ/π
normal 1.35 0-2

inverted 1.32 0-2

1.3.1. Neutrino Mass Limits from Cosmology

The state of the art theory in cosmology is the Λ Concordance Dark Matter ΛCDM model, in

which Λ is the cosmological constant. Following the assumption of a mainly gravitationally

driven cosmological evolution and consequently being based on Einstein’s general theory of

relativity, it is unrivalledly successfull in describing four major cosmological observations

[Per03]: �rst, the existence and the small anisotropy of the Cosmic Microwave Background
CMB, second, the expansion of the universe and the corresponding observable redshift,

third, the abundance of light elements and fourth, the formation of large scale structures

(structures larger than galaxies).

Neutrinos can play an important role in the latter, since they can escape overdense regions

due to their weak interaction, thereby washing out density contrasts. This is only possible

for length scales smaller than the free-streaming length, which is in inverse proportion

to their mass [Per03]. The basic ingredient in this process is the smallness of the weak

interaction, resulting in a mainly gravitational impact of neutrinos. Consequently, the

cosmological observable is the direct sum of the mass eigenstates:

mcosm =
∑

mi . (1.10)

In its basic form, the ΛCDM model uses a minimum of 6 free parameters, but it can be

supplemented to give a detailed description of the observations of cosmological experi-

ments. In particular, the Planck collaboration lists over 15 free parameters which can be

�tted to their data, based on a precision measurement of the CMB anisotropy [Ade+14].

In the Planck base ΛCDM model the neutrino mass only enters as a �xed parameter of

mcosm ≈ 0.06 eV [Pla15]. In the Planck CMB data alone, this is a rather insigni�cant param-

eter, as long as it is below ≈1.0 eV. Only when combined with further cosmological studies,

strict limits can be given, as can be seen in �gure 1.3. However, the Planck collaboration
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1. Neutrino Physics

Figure 1.3.: Limits on the sum of the neutrino mass eigenstates from combinations of

di�erent cosmological studies: The plot on the left shows, that strong correla-

tions can be present in cosmological studies, here between mcosm, the Hubble

constantH0 (range indicated by the grey, horizontal bars) and the matter �uctu-

ation amplitude σ8. As additional data is applied, some of the correlations can

be broken and stricter limits can be obtained (contours and �lled contours). The

resulting probability densities formcosm can be seen on the right for di�erent

combinations of data (from [Pla15]).

itself lists several values formcosm in the range of 0.17 eV to 0.72 eV, since this procedure

su�ers from tension in the results of di�erent cosmological studies.

Therefore, a neutrino mass limit from a laboratory experiment could break correlations in

cosmological models and help to deduce better estimates for the remaining parameters.

1.3.2. Neutrino Mass Limits from Neutrinoless Double Beta Decay

Another possibility of providing information on the neutrino mass is the (hypothetical)

neutrinoless double beta decay (0νββ). The corresponding process can be seen in �gure 1.4.

It involves an exchange of a virtual neutrino, hence requires Majorana neutrinos (neutrinos

which are their own antiparticle ν = ν̄ ) and does not conserve lepton number. Due to the

latter it is forbidden in the Standard Model.

Since this process is of higher order, it is only expected with a very long half-life time

(T1/2 > 10
20

yr). Thus, detecting 0νββ requires low background as well as large target

masses. Furthermore, this implies that it is only measurable, when single beta decay is

strongly suppressed. In any case, the possibility of two neutrino double beta decay (2νββ)

remains as background, which in a simple picture can be thought of as two simultaneous

beta decays. Like in single beta decay, the electrons of 2νββ will have a continuous energy

spectrum. Since in 0νββ only two electrons are emitted and the nucleus carries negligible

energy, it is a two body decay. Hence, the 0νββ decay would produce a discrete line at the

endpoint of the 2νββ spectrum, which is shown in �gure 1.5.
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1.3. Complementary Methods for Determining the Neutrino Mass

Figure 1.4.: Feynman diagram of 0νββ decay: Two neutrons decay into two protons by

creating two W
−

bosons. They emit two electrons by exchange of a virtual

Majorana neutrino.

0νββ can provide information on the e�ective Majorana massmββ of the electron neutrino

[GP12]:

〈mββ〉 =

������

∑
i

U 2

eimi

������
=

������

∑
i

e iξi |U 2

ei |mi

������
. (1.11)

Here theUei can be identi�ed with the electronic parts of the mixing matrix in equation 1.8.

However, the Majorana phases ξi also have to be included here, but only two of them are

physical. Correspondingly, the e�ective Majorana mass can provide additional informa-

tion on the combination of the Majorana phases, but it might be smaller than the mass

eigenvalues or the incoherent sum. Hence, it can only provide complimentary information

on the mass in combination with the results from other experiments. However, in any

case an important contribution of 0νββ experiments is, that they might give evidence, that

neutrinos are in fact Majorana particles.

In contrast to single beta decay or 2νββ, in which the neutrino mass modi�es the shape of

the spectrum, the neutrino contributes directly to the vertex of 0νββ, thus the e�ective

mass enters in the rate (or half-life time) [Del+16]:

(T 0ν
1/2)
−1 ∝ 〈mββ〉

2 . (1.12)

Correspondingly, the measurement strongly relies on the calculation of the proportion-

ality constant, which involves the matrix element of the transition. This entailed major

uncertainties in the last years (factors of 2-4).

There are several experiments trying to measure 0νββ with di�erent materials (the most

sensitive at the moment use germanium-76, tellurium-130 or xenon-136), with typical

sensitivities lying in the range of T 0ν
1/2
∝ 10

25
yr. The best limits on the Majorana mass

stem from xenon experiments, which give [Aug+12]

mββ < 140 − 380 meV , (1.13)
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1. Neutrino Physics

Figure 1.5.: Spectra of 2νββ and 0νββ decay: Ke is the energy of the electrons and Q the

total energy of the decay. For illustration, the 0νββ peak at the endpoint of the

2νββ spectrum is largely ampli�ed, while a more realistic ratio of rates ∝ 10
−6

is shown in the inset (from [Vog06]).

depending on the underlying theoretical calculation of the matrix element. It has to

be emphasised that no event contributing to 0νββ has been con�rmed yet, leaving the

question on the type (Majorana or Dirac) of neutrinos still open.

1.3.3. Neutrino Mass Limits from Single Beta Decay

(Inverse) single beta decay was the key process in neutrino physics since its start over 80

years ago. The main advantage is that it is of �rst order. Consequently single beta decay is

also a key contribution when it comes to deriving information on the neutrino mass.

Single beta decay experiments are often denoted as "model independent" measurements of

the neutrino mass, which seems likely, when comparing the direct laboratory approach of

such experiments to the multiparameter analysis in cosmology. In the case of measurements

connected to Majorana masses, for example double beta decay experiments, there is always

the need of complimentary information or assumptions to decompose the contributing

phases and mass eigenvalues. However, in single beta decay experiments these phases

do not enter the observable, making them in principle directly sensitive to the mass

eigenvalues of the neutrinos.
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1.3. Complementary Methods for Determining the Neutrino Mass

Figure 1.6.: Single beta decay spectrum of tritium: On the left the total spectrum with the

endpoint of E0 = 18.6 keV is shown. Due to coulomb interaction, the lower

part of the spectrum appears to be cut. The close-up on the right shows the

3 eV region below the endpoint, here for arbitrary mass eigenvalues of 1.0 eV

(|U |2 = 0.7) and 1.5 eV (|U |2 = 0.3). At these masses two kinks are visible

in comparison to the spectrum with zero mass (dotted). The fraction of the

shaded area contains 2 · 10
−13

of the total decays (from [Wei03]).

The main idea in single beta decay experiments is a precise analysis of the electron

spectrum [OW08]:

dṄ

dE
= A(E) pe E (E0 − E)︸   ︷︷   ︸

Eν

∑
i
|Uei |

2

√
(E0 − E)2 −m

2

i︸                            ︷︷                            ︸
pν

θ (E0 − E −mi ) . (1.14)

Here A(E) represents the amplitude, which depends on the matrix elements of the leptonic

and hadronic transitions as well as the coupling constant. The rest of the product is a phase

space factor including the kinetic energy E and momentum pe of the electron, as well as

the corresponding quantities for the neutrino. The θ function ensures energy conservation.

The endpoint energy E0 is given by the Q value (the released kinetic energy in the decay)

corrected for the nuclear recoil energy which is constant near the endpoint. For simplicity

a sum over the �nal states of the daughter atom or molecule has been left out.

Due to the energy momentum conservation, the neutrino mass eigenvalues modify the

shape of the electron energy spectrum in the vicinity of the endpoint, most prominent in

limiting the maximum electron energy. Due to the summation over the mass eigenvalues

mi this results in three distinct kinks at the end of the spectrum, which is shown in

�gure 1.6. However, no planned beta decay experiment will be able to actually render this

features, due to the very low statistics in the endpoint region and due to the endpoint

uncertainty itself.

In contrast, the observable which can be extracted by a very precise measurement of the

shape of the electron spectrum in the endpoint region is an incoherent sum over the light

11



1. Neutrino Physics

neutrino mass eigenvalues, which is given by [OW08]

m2

νe

=

3∑
i

|Uei |
2m2

i . (1.15)

The kinematic analysis of the electrons can be carried out in di�erent ways, the most

prominent being the usage of cryogenic bolometers [Gas+14] and spectrometry. In the

latter case tritium is most frequently used as beta emitter, exhibiting several advantages,

favourable for neutrino mass searches [OW08]:

• It combines a short half life time of T1/2 = 12.3 yr with a low endpoint of E0 =

18.6 keV, which guarantees comparably high rates near the endpoint. Statistics plays

a major role in this experiments, since even for tritium only a fraction of 10
−13

of

the total decays occurs in the region 1 eV below the endpoint.

• It obeys a small nuclear charge Z = 1, which makes coulomb interactions of β elec-

trons with tritium considerably small, while allowing generally easier calculations.

• The transition from parent to daughter nucleus in tritium beta decay is super-

allowed, since both are mirror-nuclei. This makes the corresponding matrix element

energy-independent and easier to calculate.

The most stringent limits on the neutrino mass from laboratory experiments have been

obtained by the Mainz and the Troitsk neutrino mass experiments, both using a tritium

source and a spectrometer combining Magnetic Adiabatic Collimation with an Electrostatic

�ltering (MAC-E). A combined analysis of the Particle Data Group results in the currently

best limit of [OG14]:

mν̄e
< 2.0 eV (95 % C.L.) . (1.16)

The Karlsruhe TRItium Neutrino KATRIN experiment aims to improve this limit by one

order of magnitude, while exploiting the established tritium endpoint spectroscopy. The

improvement is achieved by drastically increasing the source strength and dimensions of

the experiment while on the same time lowering the systematic e�ects, thereby pushing

the technology to its limits.
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2. The KArlsruhe TRItium Neutrino
Experiment KATRIN

The KArlsruhe TRItium Neutrino experiment, currently in its �nal construction and

commissioning phase, will perform a kinematic measurement of the neutrino mass by

precision spectroscopy of tritium beta decay electrons at the endpoint of 18.6 keV. Huge

e�orts are made to reach the planned sensitivity of 200 meV (90 % C. L.), exceeding the

sensitivity of the predecessor experiments in Mainz and Troitsk by one order of magnitude

[KAT04].

In section 2.1 the measurement principle and setup of the experiment are discussed.

Section 2.2 is focused on the simulation and data analysis part of KATRIN.

2.1. Measurement Principle and Setup

To measure the neutrino mass, KATRIN performs a high-precision spectroscopy of the

tritium β decay spectrum close to the endpoint. According to equation 1.14 the observable

which can be extracted from this data, is the squared e�ective electron antineutrino mass

(equation 1.15).

Improving the sensitivity on mνe
by a factor of 10 compared to the predecessor Mainz

and Troitsk experiments [Lob+01] requires an improvement of a factor 100 onm2

νe . This

is achieved by increasing the dimensions of the experiment and source activity, while

decreasing the requirements on systematic in�uences. A drawing of the whole, over 70 m

long setup can be seen in �gure 2.1. Molecular tritium T2 decays inside the Windowless
Gaseous Tritium Source WGTS (�gure 2.1b)) according to the following reaction:

T2 → HeT
+ + e

− + ν̄e . (2.1)

The tritium gas is provided by the Tritium Laboratory Karlsruhe TLK in a nearly closed gas

loop [Bor11]. Continuous �ltering of the gas removes the daughter molecule HeT
+

as well

as other impurities, ensuring an isotopic tritium purity inside the source of more than 95%.

The electron-anti-neutrinos ν̄e rarely interact and leave the WGTS without a possibility to

detect them directly. However, their mass is extractable from the electron energy spectrum

due to energy momentum conservation. The spectrum is obtained by energy spectroscopy

in the spectrometer section (�gure 2.1d)+e)) and counting of the corresponding events

at the detector (�gure 2.1f)). To prevent the tritium from entering the spectrometers a

pumping section (�gure 2.1c)) connects the WGTS and the spectrometer section which

13



2. The KArlsruhe TRItium Neutrino Experiment KATRIN

Figure 2.1.: The experimental setup of KATRIN, comprising:

a) Rear Section, monitoring and calibration,

b) Windowless Gaseous Tritium Source,

c) Di�erential and Cryogenic Pumping Section, removal of the tritium,

d) Pre spectrometer, �ltering of low energy electrons,

e) Main spectrometer, high resolution spectroscopy,

f) Detector section, position resolved electron counting

(from [Kle14]).

drastically reducing the tritium partial pressure. The rear section (�gure 2.1a)) is used for

calibration and monitoring.

Inside the WGTS the electrons are emitted isotropically. To guide them to the detector

strong magnetic �elds (in the range of a few tesla) are applied along the entire beam line

by superconducting solenoids. However, the magnetic �eld setting is not only used to map

the high source activity to the detector, but it is an integral part of the working principle

of spectrometers of the Magnetic Adiabatic Collimation combined with an Electrostatic

MAC-E �lter type, which are used at KATRIN.

The MAC-E Filter

The application of a certain magnetic �eld setting allows for a conversion of the initial

isotropic electron momentum spectrum into a highly collimated one. Subsequently, when

the motion of the electrons is mainly restricted into one direction, the energy spectroscopy

can be carried out using an electrostatic retarding voltage U , working as a high pass �lter.

This principle will be explained in the following, while an illustration of the MAC-E �lter

and the involved �eld settings can be found in �gure 2.2.

Due to the Lorentz force the electrons will follow a cyclotron motion, in which their kinetic

energy Ekin can be decomposed into a transversal E⊥ and a parallel component E‖ with
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2.1. Measurement Principle and Setup

Figure 2.2.: Working principle of the MAC-E �lter: A guiding �eld (green) is produced by

superconducting solenoids, which takes its minimal values at the center of the

spectrometer. Due to the conservation of the magnetic moment this converts

the momentum of the electrons to be parallel to the magnetic �eld. Only those

electrons with energies higher than the applied retarding potential qU can

pass the center of the spectrometer (from [KAT04]).

respect to the magnetic �eld lines:

Ekin = E⊥ + E‖ . (2.2)

The angle between the parallel component of the momentum and the total momentum

will be denoted as the polar angle θ .

Naturally the motion of the electrons is adiabatic (δEkin = 0) for vanishing electrical �elds

and for low magnetic �eld gradients:

∆B

B
� 1 . (2.3)

The corresponding adiabatic invariant under the assumption of non relativistic motion is

the magnetic moment:

µ =
E⊥
B
= const . (2.4)

Consequently, the transversal energy can be adjusted as a function of the magnetic �eld,

where BS denotes the magnetic �eld at the point of electron creation:

E⊥(B) = E⊥(BS) ·
B

BS

. (2.5)
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This relation is particularly useful, since it shows the possibility of transferring transversal

to parallel energy by lowering the magnetic �eld. By additionally applying a retarding

voltage U , the electrons will get re�ected according to the following condition:

E‖ (~r ) = Ekin − qU (~r ) − µB (~r )
!

= 0 . (2.6)

Thus, for a small magnetic �eld Bmin only electrons with energies larger than qU can pass

the spectrometer. MAC-E �lters therefore perform an integrated energy measurement.

Maximum Acceptance Angle

Following equation 2.5 the electrons should be created in the maximal magnetic �eld,

to ensure the best collimation. It is however favourable to exclude electrons with large

starting angles from the analysis, since they obey a larger path length inside the source

tube. This leads to an enhanced energy loss due to scattering with the gas inside the

WGTS and due to synchrotron radiation. A detection of these electrons can be avoided

by exploiting the magnetic mirror e�ect, which applies, when charges propagate into

an increasing magnetic �eld, thus by using equation 2.5 the other way around: if the

maximum magnetic �eld is not in the source (Bmax > BS), the transversal energy can

increase to a point, where the parallel energy is zero. Subsequently the electron will get

re�ected, when it is created with an angle larger than the maximum acceptance angle of:

θmax = arcsin

√
BS

Bmax

. (2.7)

Filtering Width

The smallness of Bmin is limited due to the �nite size of the vacuum vessel and due to

the conservation of the magnetic �ux: When the magnetic �eld strength is reduced, the

�eld lines expand, eventually colliding with the vacuum vessel for too low �elds. This is

a key condition when planing the radius of the spectrometer, since it limits the energy

resolution.

Compared to an electron with starting angle θ = 0
◦

and energy E = qU , which can just

pass the potential, an electron starting with the maximal acceptance angle θ = θmax needs

the following surplus energy ∆E to be detected:

∆E = E ·
Bmin

Bmax

. (2.8)

∆E is called the �ltering width (or sometimes energy resolution) of the spectrometer. It

should be noted that it scales linearly with the energy of the particles.

Transmission Function

The �ltering width has been derived considering two special, extreme polar angles, thereby

representing the width of the step function which describes the transmission probability
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of the particles for general angles and energies. This function is the so called transmission

function T (E,qU ). In �rst order it can be described analytically, where for isotropically

generated electrons it holds [KAT04]:

T (E,qU ) =




0 E − qU < 0

1 −

√
1 −

E−qU
E ·

BS

Bmin

1 −

√
1 −

BS

Bmax

0 ≤ E − qU ≤ ∆E

1 E − qU > ∆E

. (2.9)

Due to additional e�ects, mainly inelastic scattering of the electrons on the gas inside the

WGTS, the transmission function gets convoluted into the response function, which is

shown in section 2.2.2.

Spectrometer and Field Setting at KATRIN

The KATRIN setup comprises three spectrometers of MAC-E �lter type:

• the main spectrometer (�gure 2.1e)), which will be used for the high resolution

spectroscopy in an approximately 30 eV interval below the tritium β spectrum

endpoint,

• the pre-spectrometer (�gure 2.1d)), which can be used to free the main spectrometer

from the huge background of the whole tritium β spectrum, by setting its retarding

voltage to a few hundred eV below the endpoint

• and the monitor spectrometer (not shown), which will be used to monitor the retard-

ing voltage stability of the main spectrometer section, by analysing a krypton-83m

conversion electron spectrum.

The design values for the magnetic �eld con�guration of KATRIN are BS = 3.6 T, Bmin =

3 · 10
−4

T and Bmax = 6 T, leading to a maximum acceptance angle and �ltering width at

the tritium endpoint (E0 ≈ 18.6 keV) of:

θmax ≈ 50.8◦ and ∆E ≈ 0.93 eV . (2.10)

Correspondingly, the length of the main spectrometer vacuum vessel is about 23 m, with a

maximum diameter of about 10 m.

According to equation 2.6 the magnetic �eld at its minimal value has to be very well

controlled in terms of homogeneity. Therefore the main spectrometer is concluded by

a large volume air coil system, which is used for compensation of the earth magnetic

�eld and �ne shaping of the �eld con�guration. High precision of the retarding voltage

is among others achieved by a complex wire electrode system on the inside of the tank,

which also provides a signi�cant background reduction concerning electrons ejected from

the 690 m
2

surface of the vessel.

It is worth mentioning, that the �nite �ltering width, which is much larger than the

envisaged neutrino mass sensitivity of 200 meV, does not prevent the latter to be achieved.
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Figure 2.3.: Windowless Gaseous Tritium Source: The central part of the WGTS is the 10 m

long, temperature stabilized cryostat. High-purity tritium is injected in the

central injection chamber. The tritium gas is removed at each end of the beam

tube in di�erential pumping sections (DPS1-R and DPS1-F). On left and right

the setup is connected to the Rear and Transport Section respectively (from

[Har15]).

This can be explained, since the shape of the transmission function is precisely known

and the spectral distortion due to the non-vanishing neutrino mass is observable at larger

scales than ∆E [Kle14].

The Windowless Gaseous Tritium Source

The Windowless Gaseous Tritium Source (WGTS, �gure 2.3) provides the tritium gas for the

β spectrum measurement, combining high luminosity with small systematic uncertainties.

The pipe of approximately 10 m length and 90 mm diameter is embedded in a complex

two-phase neon cryostat, ensuring a constant temperature of around 30 K with a stability

of 30 mK. The low temperature has been chosen to reduce the Doppler e�ect and plasma

formation and to ensure a high tritium density, while keeping low tritium pressures and

�ow rate [KAT04]. The stability is crucial, since it is directly related to the stability of

the column density, which is of utmost importance considering the low signal rates at

the endpoint. The tritium column density itself will be ρd ≈ 5 · 10
21

m
−2

, which is a

compromise between a high signal rate and low electron gas scattering, hence reducing

systematic e�ects due to energy loss. Avoiding systematic e�ects is also the main reason

for keeping the tritium source windowless, which implies that the whole system from the

source to the detector is a closely connected vacuum system without any solid barriers.

To prevent the tritium gas from entering the spectrometer section, various measures are

applied. In particular the tritium source is on both sides connected to Di�erential Pumping
Sections (DPS1-R and DPS1-F), which reduce the pressure from pinj ≈ 3 · 10

−3
mbar at the

injection in the middle by around 2 orders of magnitude. In direction to the spectrometer,
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Figure 2.4.: Di�erential and cryogenic pumping section: The DPS2-F (left) reduces the

tritium gas throughput q by 5 orders of magnitude with the usage of turbo

moleculare pumps. The CPS provides another 7 order of magnitude reduction

by using cryosorption. In both components the beam tubes are tilted against

each others, maximing the pumping speed (from [Höt12]).

the setup is followed by the transport section, which ensures a further reduction of the

gas density, while transporting the electrons to the spectrometer section adiabatically via

magnetic �eld lines.

The Transport Section

Keeping the gas pressure inside the main spectrometer below 10
−11

mbar is crucial to

minimize electron scattering processes [KAT04]. An even stricter limit applies for the

partial pressure of tritium compounds, which should not exceed 10
−20

mbar for safety

and background reasons. This can only be reached by the combination of two di�erent

pumping principles, realised in a second di�erential pumping section DPS2-F and the

Cryogenic Pumping Section CPS. At the same time the adiabatic transport of the electrons

from the WGTS to the spectrometer section has to be guaranteed.

The DPS2-F consists of �ve connected tubes each with a tilt of 20
◦

(�gure 2.4 left) to avoid

a direct line of sight to the spectrometer section for neutral particles like tritium molecules.

At the connections 4 Turbo Molecular Pumps TMP are mounted, which altogether reduce

the incoming tritium gas �ow by 5 orders of magnitude. The system is complemented by

superconducting solenoids with a maximum �eld of up to 5.5 T, which ensures an adiabatic

transport of the electrons through the 7 m long unit.

The CPS (�gure 2.4 right) provides another reduction of the tritium �ow by 7 orders of

magnitude by using the principle of cryosorption. Thereby the tubes are arranged to form

a chicanery for neutral particles, which get adsorbed on a 4 K argon frost when colliding

with the walls.

Since charged ions will not be a�ected by these pumping processes they will be removed

using a system of dipole electrodes installed in the DPS2-F [Jan15].
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The Detector Section

Figure 2.5.: Focal plane detector system: in addition to two magnets, the vacuum system

and the shielding, the setup comprises calibration sources. Furthermore the

electrons can be post-accelerated to an energy region with a preferable signal-

to-background ratio. The inset shows the segmented silicon wafer (from

[Har15]).

Electrons which have passed the main spectrometer will be re-accelerated and guided

to the Focal Plane Detector FPD system (�gure 2.5). Its main component is a 90 mm

silicon PIN diode array which is divided into 148 pixels, thus enabling a radial analysis

of the signal. Since the electron spectroscopy takes place at the main spectrometer, the

energy resolution of the FPD of about 1 keV (depending on the wafer) is only important

for background discrimination. Due to the low signal rate a proper shielding against

background is necessary, which is achieved combining passive copper and lead shells

with an active plastic scintillator veto system. Consequently the detector is optimized for

e�ciency rather than maximum rate and its current limit in recordable rate lies in the

10 kcps range per pixel
1

[Ber+12]. Although this is completely su�cient for measurements

at the β spectrum endpoint, the limit might be strongly enhanced in the near future by an

improved analysis method [Eno13], which will be very useful for deeper β spectrum and

calibration measurements.

1
This depends on the mode which is used as well as on the number of pixels, which are readout simultane-

ously. Further reading for example in [Sch14].
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The Rear Section

At the rear side of the DPS1-R, the Rear Section is located, which provides several calibra-

tion and monitoring devices:

• An angular-resolved electron gun for the measurement of the electron energy loss

function and frequent column density measurements, making use of inelastic scat-

tering [Bab14].

• De�ning of the electrical potential of the source with a gold plate perpendicularly

to the magnetic �eld lines.

• Monitoring of the source activity with β Induced X-ray Spectroscopy BIXS, utilizing

X-rays which are emitted from the gold plate due to electron impact [Röl15].
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2.2. Neutrino Mass Analysis with KATRIN

The KATRIN experiment involves a great many of components yielding a huge amount of

operating parameters and sensor data. Hence, the result for the neutrino mass is no simple

reading value of any physical instrument, but it is subjected to a complex measurement

setup, which requires for a statement on the conducted analysis. This will be discussed

in 2.2.1.

The organisation and evaluation of the data is only feasible due to a sophisticated software

framework. A mandatory part of the analysis is the possibility to precisely simulate the

expected outcome of the experiment in dependency of its observables. The corresponding

tools will be explained in 2.2.2.

Finally the simulation combined with the analysis strategy can be used to predict the

sensitivity of KATRIN on the neutrino mass, which will be discussed in chapter 2.2.3.

2.2.1. χ 2 Analysis with KATRIN

This section gives a quick overview of a simple way of analysing methods used at KATRIN.

The methods described are not settled for the �nal analysis with actual measurement data,

but they are very useful in primarily predicting KATRIN sensitivities. Further reading can

be found in [Kle14].

The data which will be ultimately taken by KATRIN in each run is the total number

of integrated counts Nobs,i for i settings of retarding potentials qUi with corresponding

measurement times ti . This will be accompanied by a huge amount of sensor and moni-

toring data as well as operating parameters of all the components of the over 70 m long

experiment, which will have an in�uence on the measured Nobs,i .

Therefore, the parameter of interest mν is no direct outcome or reading value of any mea-

surement device, but it is only accessible via a model, which predicts the expected number

of counts Ntheo,i (m
2

ν ) for every setting of retarding potentials qUi with measurement times

ti .

In practice, the theoretical prediction of Ntheo,i will never be exact due to incomplete

modelling and to uncertainties of observed quantities. One possible solution is to make

Ntheo,i dependent on further free parameters x ∈ X . In the case of KATRIN neutrino mass

measurement this so called nuisance parameters comprise the β spectrum endpoint E0,

the background rate Rbg and the spectrum intensity I 2
.

A way of dealing with systematic uncertainties is to determine how much they a�ect the

estimates of the free parameters and to interpret the resulting shift as a systematic error

σsyst(X ) 3
.

2
The parameters may very well be phenomenological corrections. This is obvious for the intensity, which

compensates for inaccuracies in the prediction of the integrated rate.

3
There is no immediate rule to decide which group of uncertainties is treated which way. However,

uncertainties with a large in�uence on the result are more likely to be treated as nuisance parameters.
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2.2. Neutrino Mass Analysis with KATRIN

The extraction of the true values of the X out of the measurement data is however even

theoretically impossible: Since the data is the result of a radioactive decay, the signal

Ntheo,i will naturally obey a statistical character, i.e. a Poissonian distribution. This means,

that if the experiment was repeated several times, each time it would yield a di�erent

arrangement of the X due to statistical �uctuations. When the statistical process (here

the Poissonian distribution) is known, it is however possible to predict the frequency

distribution of the X after an in�nite amount of measurements, even if only one is actually

made. The corresponding probability distribution is referred to as the likelihood L.

For a su�ciently large number of signal events (& 25), the poissonian distribution of the

individual number of counts Nobs,i can be approximated by a Gaussian. Consequently, the

likelihood is a product of Gaussian distributions for every measurement point [Kle14]:

L(Nobs,Ntheo) =
∏
i

exp−
1

2

(
Nobs,i − Ntheo,i

σi

)
2

. (2.11)

Due to the Poissonian nature of the observed count the weights σi can be written as:

σi =
√
Ntheo,i . (2.12)

It is common not to search for the maximum likelihood, but to minimize the (double)

negative log likelihood, the χ 2
function:

χ 2 ≡ −2 logL =
∑
i (qU )

(
Nobs,i − Ntheo,i (X )

σi

)
2

. (2.13)

Hence, χ 2
minimization is sometimes referred to as weighted least squares [Jam04].

The result of the experiment will than be the arrangement of the X yielding the maximum

likelihood (or minimum χ 2
) combined with the declaration of a con�dence interval, which

re�ect the width of the systematic σsyst(X ) and statistical error σstat(X ).

Sensitivity in the Case of Gaussian Distributed Observables

The σstat and σsyst only provide meaningful information, if the distribution of the respective

parameter is known. The distribution of a �t parameter x is obtained by interpreting the

likelihood as a function of x . It is exactly a gaussian, when χ 2
as a function of x obeys

a parabolic shape in the vicinity of the minimum, which is related to a linear scaling of

Ntheo,i with x [Jam04].

This linear scaling may very well be prohibited by the physical model, however it can also

be a matter of parametrisation: In the case of KATRIN, where the neutrino mass is thought

to enter the physical model to the second,m2

ν (and not mν ) obeys a Gaussian distribution.

For example this is true in the case of the tritium endpoint. Further reading can be found for example in

[Bar02].
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Since the counts in 2.13 are directly proportional to the total measurement time ttot, for

Gaussian distributed variables an anti proportionality of the statistical error and the square

root of ttot can be expected:

σstat(X ) ∝
1

√
ttot

. (2.14)

This is a direct consequence of the Poissonian nature of the signal. In case of Gaussian

distributions, the exact relationship is connected to the second derivative of the χ 2
function.

In a complex experiment like KATRIN there are many sources of experimental and the-

oretical uncertainties. Thanks to the central limit theorem, the total systematic error

can be considered Gaussian, with the individual contributions (and possible correlation

terms) added in quadrature. Thus, since systematic and statistical errors are by de�nition

uncorrelated, it holds

σtot =

√
σ 2

stat
+ σ 2

syst,tot
. (2.15)

For Gaussian distributions the level of con�dence can be easily calculated by the multipli-

cation of σ with constant factors, where for example a 1.645σ interval covers 90 % of the

total area of a Gaussian and 1.0σ interval only comprises 68.3 %.

The sensitivity can be transformed to other parametrisations of a Gaussian distributed

quantities by means of the transformation rule. In the case of the neutrino mass, this

means that the sensitivity can be obtained by taking the square root of the result for the

neutrino mass squared.

Non Physical Values due to Statistical Fluctuations

Due to statistical �uctuations it is very well possible that the likelihood distribution extends

to non physical regions of a parameter. A common solution is to use a mathematical

continuation of the model, which yields a symmetrised likelihood with respect to the

boundary. In case ofm2

ν this means, that the model has to be continued to regions with

m2

ν < 0, where the respective equations can be found in [Kle14].

2.2.2. Spectrum Simulation

For an experiment with the complexity of KATRIN the Ntheo,i in equation 2.11 as well as

the likelihood calculation itself can only be carried out within a comprehensive software

framework. For the latter KATRIN uses the software package KaFit, which is based on

the C++ package Root. The structure can be seen in �gure 2.6. The likelihood analysis

can be carried out using di�erent approaches, with classical minimizers (Minuit and

Minos, further reading in [Jam04]) and Markov Chain methods. These two ways represent

di�erent analysis strategies (frequentist or bayesian), where it has been shown in [Kle14]

that the results correspond to each other for KATRIN
4
. A key role plays the component

4
The distinction between a frequentist and a bayesian analysis is in particular important in the way how

systematic errors can be treated. In a bayesian analysis every systematic can be treated as a nuisance
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Figure 2.6.: Structure of the KATRIN analysis tool KaFit: the central task of KaFit is a

likelihood/chi-square analysis comprising the observed and expected measur-

ment. The latter is supplied by SSC, the second central tool of the KATRIN

software framework. For the purpose of pre-measurement simulation studies,

SSC can also supply pseudo data. The analysis itself can be realized with

di�erent algorithms, re�ecting either the frequentist or bayesian statistical

approach (picture from [Kle14].

Source Spectrum Calculation SSC, which can supply both the expectation Ntheo,i , and the

expected observation, for pre measurement studies.

Source Spectrum Calculation

SSC o�ers the possibility to calculate the expected integrated count rate Ṅ (qU ) at the

detector separately for every of its 148 pixels. Consequently KATRIN analysis can include

radial dependencies concerning the background, the transmission properties and the

source model. The latter is possible, since the magnetic �eld maps a certain region of the

WGTS to a distinct pixel of the detector, which can be seen in �gure 2.7. To include axially

(z) dependencies in the source model, SSC performs a further segmentation into slices

of the WGTS, where in every slice the corresponding physical quantities are taken to be

constant. Hence, the total spectrum at one pixel is modelled as the sum over independent

parameter, where guesses on the size of this errors can be included as a prior. The frequentist analysis

does not accept strong priors, correspondingly it has to relay on the usage of systematic uncertainties

rather then nuisance parameters.
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Figure 2.7.: Mapping of source regions to the detector and voxelisation: The magnetic

�eld forces electrons created on the same �eld line to the same detector pixel.

The measured spectrum of this pixel consists of a summation over all source

regions along this �eld line (indicated in grey). The analysis can be carried out

for every pixel seperately by dividing the source into corresponding voxels

(after [Kle14] and [Höt12]).

WGTS slices, which is re�ected in the following, basic equation:

Ṅ (qU ) =
slices∑
i

ϵdet

Ωi

4π

∫ ∞

−∞

Ni

(
dṄ

dE

)
R (E,qU +Vi ) dE . (2.16)

Here ϵdet is the detector e�ciency,
Ω
4π the accepted solid angle, N the number of tritium

atoms,
dṄ
dE the di�erential tritium spectrum and R (E,qU ) the response function of the ex-

periment. The latter includes every external in�uence on the electrons energy distribution

from their emission inside the WGTS to their detection at the focal plane detector, for

example the transmission function of the spectrometer, scattering with gas or potentials

V inside the WGTS. Every of the constituents in equation 2.16 is subjected to a detailed

modelling, giving a precise description of the physical process, where for example the

di�erential spectrum will include a (relativistic) Doppler broadening, excitations of the

daughter molecule or the nuclear recoil. z dependent quantities from the source model

like the number of tritium atoms or the potential in a slice are taken from corresponding

pro�les, where for example the density pro�le is provided by gas dynamical computations.

The entire structure of SSC is highly �exible, since every of the constituents is represented

by a distinct C++ class, which enables easy additions both in terms of more comprehensive

descriptions and new experimental setups. The latter comprises for example the search

for sterile neutrinos with KATRIN or the WGTS krypton-83m mode, which has been

implemented in this work (chapter 3).

Two essential parts of the above equation are shortly rendered in the following. In �gure 2.8

and �gure 2.9 the energy loss function and the response function for nominal tritium

conditions can be seen. Since the minimal inelastic energy loss due to excitation processes

is in the range of 13 eV, the transmission edge in the response function is followed by

a plateau region of constant transmission probability. This is followed by consecutive
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Figure 2.8.: Energy loss function, describing the inelastic energy loss of electrons due to

scattering on tritium molecules: The minimal possible energy loss is in the

range of 13 eV, re�ected in the visible peak. Due to the width in the few eV

range and the large tails, the electron spectrum gets smeared as a consequence

of the energy loss (data from [Ase+00], plot from [Gro15]).

Figure 2.9.: Response function for nominal KATRIN conditions: below 1 eV, the response

function is dominated by the transmission function, where a close-up can be

seen in the inlet. Small deviations to the analytical form presented in section 2.1

can be observed. The overall form for higher energies is dominated by multiple

energy losses (picture from[Gro15]).
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Table 2.1.: KATRIN systematic uncertainties.
Identi�ed sources of systematic errors in the KATRIN experiment, with upper

limit for the absolute induced neutrino mass shift and accuracy requirements

(from [KAT04]).

source of achievable / systematic shift
systematic shift projected accuracy σsyst(m

2

ν ) (10
−3

eV
2)

description of �nal states f < 1.01 < 6

T
−

ion concentration < 2 · 10
−8 < 0.1

unfolding of energy loss func. f (ϵ ) < 6

monitoring of column density ρd

∆T /T < 2 · 10
−3

∆Γ/Γ < 2 · 10
−3

∆ϵT /ϵT < 2 · 10
−3

<

√
5·6.5
10

∆pinj/pinj < 2 · 10
−3

∆pex/pex < 0.06

background slope < 0.5 mHz/keV (Troitsk) < 1.2
HV variations ∆HV/HV < 3 ppm < 5

WGTS potential variations ∆U < 10 meV < 0.2
WGTS mag. �eld variations ∆BS/BS < 2 · 10

−3 < 2

elastic e
−

- T2 scattering < 5

identi�ed syst. uncertainties σsys,tot =

√∑
σ 2

sys
≈ 0.01 eV

2

steps with a separation of 13 eV, representing multiple scattered electrons. Due to the

width of the peak and the continuous tail in the energy loss function, the steps of scattered

electrons get broadened.

2.2.3. Sensitivity of KATRIN on the Neutrino Mass

The sensitivity of KATRIN on mν as de�ned in [KAT04] is actually a statement on the

ability of excluding the null hypothesis of vanishing neutrino mass with a certain level of

con�dence. Following the considerations in 2.2.1, it is given by:

Smν (90%) =

√
1.645 · σtot(m

2

ν ) =

√
1.645 ·

√
σ 2

stat
(m2

ν ) + σ
2

syst
(m2

ν ) . (2.17)

The determination of σstat(m
2

ν ) has been the subject of many analyses in the recent years.

It will strongly depend on certain assumptions like the background rate, the Measurement
Time Distribution MTD and on the radial analysis of the detector pixels. With the reference

MTD from the design report [KAT04], a total measurement time of 3 years data taking

and the assumption of a 10 mcps background, the most recent analysis yields [Kle14]:

σstat(m
2

ν ) = 0.0165 eV
2 . (2.18)
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Figure 2.10.: Sensitvity on mν as a function of the total measurement time for di�erent

MTDs: the statistical error onmν scales with
4

√
t , where the proportionality

constant is in�uenced by the details of the MTD. The systematical error

of σsys,tot(mν ) = 130 meV assymptotically limits the total sensitivity (from

[Kle14]).

The determination of σsyst(m
2

ν ) requires a comprehensive list of all the identi�ed, relevant

systematics, which can be found in table 2.1.

The total sum of identi�ed systematic uncertainties is found to be σsys,tot = 0.01 eV
2
. Since

no individual systematic shifts the neutrino mass more than ∆m2

ν = 0.0075 eV
2
, the total

systematic budget of KATRIN has been chosen in a way, that it might include unidenti�ed

e�ects and that it is on the same level as the statistical error, to:

σsys,tot . 0.017 eV
2 . (2.19)

Hence, when added up in quadrature following equation 2.17, the following sensitivity of

KATRIN is obtained:

Smν (90%) = 197 meV . (2.20)

In 2.10 the sensitivity as a function of the total measurement time can be seen, for the

scenario of di�erent MTDs. The total sensitivity is fundamentally limited by the systematic

uncertainty, to which it asymptotically converges. Hence, identifying, understanding and

quantifying systematic errors as well as the calibration of the measurement devices is a

key ingredient of physical experiments.

For a high precision, large scale experiment like KATRIN this requires for numerous

calibration and measurement tools, enabling a detailed monitoring of the components as

well as investigations on potential error sources.
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This work is focused on the
83m

Kr mode of the gaseous source, which will be used to revise

the electrical potential of KATRIN not only at the spectrometer section, but essentially at

the point of electron creation inside the WGTS. This is related to the item WGTS potential
variations in table 2.1. The usage of the

83m
Kr mode requires an incorporation into the

KATRIN analysis framework SSC, which also involves a comprehensive understanding of

the related physics. This will be the topic of the following chapter.
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3. 83mKr Mode of the Windowless Gaseous
Tritium Source for Investigation of
Systematics

In this chapter, the
83m

Kr mode of the gaseous tritium source is introduced, which in

principle provides the possibility of identifying and to some extent quantifying several of

the source-related systematics a�ecting the tritium β spectrum. The basic idea is to inject

a well-characterised gaseous electron source into the WGTS where systematic e�ects

will be observable as changes in the spectral shape [Wil03; Bon03]. Conversion electrons

from
83m

Kr as a calibration standard have successfully been used in neutrino experiments

[Rob+91; Wil+87; Pic+92; SD95; FP12], as well as in dark matter searches [LUX+14]. In

case of KATRIN the
83m

Kr mode is the favourable way of analysing WGTS plasma related

e�ects, which are at the centre of the studies presented in this work.

The reasoning leading to the choice of
83m

Kr as electron source is the following [KAT04]:

The measurement principle of KATRIN relies on the di�erence of the electrostatic potential

at the electron source with respect to the point of measurement in the analysing surface.

This potential di�erence has to be carefully calibrated and monitored, satisfying three

major requirements: Since the KATRIN sensitivity lies in the sub-eV range, the potential

di�erence has to be calibrated with a precision in the sub-volt range
1
. Meeting this

requirement is achievable with a quasi monoenergetic calibration source. Moreover, the

only method to be sensitive to the electrical potential of the WGTS consists of a calibration

source dispersed inside the WGTS along with the tritium gas. In addition, KATRIN is a low

background experiment, meaning that the calibration source should be removable on short

time scales, to avoid interferences with the tritium measurement mode or a contamination

of the experiment.

Gaseous
83m

Kr is an optimal candidate ful�lling these requirements [KAT04]. It o�ers

several inner conversion electron lines with natural widths in the eV range. It is gaseous

at conditions viable for KATRIN operation and can therefore be admixed to the tritium gas

inside the WGTS. Also, it decays with a half-life of T1/2 = 1.83 h [McC15] and therefore

does not a�ect the tritium measurement mode. The energies of the conversion lines lie

in the range of 5-35 keV which corresponds to the absolute energy scale that KATRIN is

designed for, set by the tritium endpoint of E0 ≈ 18.6 keV.

1
The energy calibration makes up one of the 5 major systematics of KATRIN, to each of which a budget of

σsyst < 0.0075 eV
2

is assigned. It can be calculated that Gaussian �uctuations of the potential di�erence

should not exceed 60 meV [KAT04].

31



3. 83mKr Mode of the Windowless Gaseous Tritium Source for Investigation of Systematics

In case of the neutrino mass measurement the sub-V sensitivity using a ∝1 eV energy

resolution spectrometer can only be achieved by an accurate observation of the tritium β
spectrum shape near the endpoint, requiring a high-activity source to reduce the statistical

error. The same holds for the krypton-83m measurements, in which the activity of the

krypton generating parent nuclide rubidium-83 may very well exceed 100 MBq [Vén+14].

The rubidium-83 has a half-life of T1/2 = 86.2 d, which ensures a continuous supply of

mesomeric krypton-83m during one measurement, without having to exchange or refresh

the generator.

To enable these measurements, the gaseous source has to be driven in a di�erent mode

of operation, with the operational parameters, such as beam-tube temperature, di�ering

from those of nominal T2 operation. This is discussed in section 3.1. For data analysis

and simulation studies the expected krypton-83m conversion electron spectrum, which

are measured by the main detector, has to be simulated, which requires an understanding

of both the conversion spectrum and of the behaviour of the gaseous krypton inside the

source. The modelling and implementation of these ingredients into the existing KATRIN

simulation framework SSC are presented in section 3.2. Finally the usage of the krypton

mode for investigation of systematics is discussed in section 3.3.

3.1. Operational Parameters of the Gaseous Source in 83mKr
Mode

Ideally calibration measurements should be performed with comparable operational pa-

rameters as during neutrino mass data taking. In case of the krypton-83m mode this is,

however, not possible due to several experimental constraints:

Previous experiments have determined that krypton measurements require temperatures

of about 100 K for establishing signi�cant observed integrated krypton-83m conversion

electron rates [Bel+08]. The origin of this e�ect is not easily understood quantitatively,

since it presumably can be attributed to the conductance of the krypton-containing pipes,

which scales linearly with the mean pressure of the pipes and thus with the temperature

[Pfe09]. Furthermore, krypton is expected to freeze out on the tube walls for too low

temperatures, depending on the vapour pressure in the gas system. Most likely those e�ects

are also relevant for the KATRIN krypton-83m mode measurements, which consequently

requires signi�cantly higher temperatures than the tritium mode measurements at about

30 K.

However, the two-phase neon cooling system, which is used in tritium mode, is only

speci�ed for temperatures between 27 K and 38 K, since at higher temperatures the maximal

allowed pressure is exceeded. Therefore the coolant can be exchanged by argon, which

is speci�ed for a temperature range of 87 K to 118 K. It is still under discussion which

temperature (or temperatures) will be used for the krypton-83m measurements. In this

work it is taken to be 110 K.
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3.1. Operational Parameters of the Gaseous Source in 83mKr Mode

Table 3.1.: WGTS krypton-83m and tritium mode parameters.
For the krypton-83m mode a higher operating temperature of the WGTS cryostat

will be necessary. As a consequence, several other parameters concerning the

gas can also di�er from their nominal values. The speci�c operating values are

not known yet.

parameter nominal (tritium) mode krypton + tritium mode

Temperature (K) 30 87-118, this work: 110

Injection pressure (mbar) 3.4 · 10
−3 . 12.6 · 10

−3

Column density (m
−2

) 5 · 10
21 . 5 · 10

21

Tritium purity (%) & 95 & 95

In this higher temperature regime an absolute calibration of the temperature sensors along

the beam tube are not possible. This introduces an overall temperature uncertainty of

about σsyst(T ) . 2 K.

The higher beam tube temperature also directly in�uences the pressure pro�le inside the

WGTS. For the laminar �ow regime, which is applicable in the WGTS center, the pressure

inside the source scales linearly with temperature, hence a factor of ≈4 in central WGTS

pressure (injection pressure) is necessary to provide the standard tritium column density

of ρdTr = 5 ·10
21 1

m
2
. The maximum achievable injection pressure is limited by the pumping

system and the conductance of the pipes, while the latter is dominated by the injection

capillary. Using a capillary with a larger diameter in krypton-83m mode allows for a

higher gas throughput. Therefore it is assumed, that the nominal tritium column density

or slightly less can be reached [Stu16].

Even for the same total column density, the shapes of the density pro�les for di�erent

temperatures show slight deviations. This is even more important for the distribution

of the krypton inside the source, since it is well known that a separation of tritium and

krypton occurs [KS10].

Ultimately, in the normal tritium mode, the gas mixture is continuously puri�ed in the

permeators of the tritium laboratory, which would �lter out the krypton. For this reason,

parts of the tritium loop have to be bypassed, which also excludes the bu�er vessel normally

used for pressure stabilisation. How this a�ects the pressure and composition (purity)

of the gas mixture can only be tested during measurements with krypton. The e�ect,

however, is expected to be small, yet it might introduce systematics due to changes of the

gas pro�le and the tritium purity.

It can be concluded that the �ndings in krypton mode require a transfer to tritium condi-

tions, especially in the case when the investigated systematics are temperature dependent.

Table 3.1 gives an overview of the source-related parameters in nominal tritium and in

krypton-83m mode.
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3. 83mKr Mode of the Windowless Gaseous Tritium Source for Investigation of Systematics

3.2. Modelling and Implementation

Following the discussion in section 2.2, the analysis of
83m

Kr conversion spectra to reveal

WGTS-related systematic e�ects requires accurate simulations of the expected integrated

rates. These simulations are carried out in the framework of the KATRIN analysis software

Source Spectrum Calculation (SSC), which has been presented in section 2.2. SSC allows

to perform a calculation of the integrated β spectrum according to equation 2.16. In

the presence of krypton this equation is complemented by a
83m

Kr conversion electron

spectrum and a krypton gas pro�le, such that it reads

Ṅ (qU ) =
slices∑
i

ϵdet

Ωi

4π

∫ ∞

−∞

{
NK

i

(
dṄ

dE

)
K

+ N T

i

(
dṄ

dE

)
T

}
R (E,qU +Vi ) dE . (3.1)

A model for the di�erential krypton-83m conversion spectrum

(
dṄ
dE

)
K

has been added in

this work, in the form of a new class SSCKryptonSpectrum. The corresponding modelling

is discussed in section 3.2.1.

Furthermore, the number NK

i and velocity of krypton-83m atoms in each slice i of the

source has to be calculated. The required krypton-83m density and velocity pro�les are

calculated in the class SSCGasDynamicsKrypton. The corresponding modelling is addressed

in section 3.2.2.

3.2.1. 83mKr Conversion Electron Spectrum

Process of Inner Conversion

A simpli�ed decay scheme, which covers only the processes relevant for this work, can be

seen in �gure 3.1. A more detailed picture is provided for example in [McC15].

Excited krypton-83m is created by an electron capture process of the mother isotope

rubidium-83 with an excitation energy of Eexc ≈ 41 keV. The deexcitation to the ground

state involves an intermediate state, which splits the total excitation energy into a transition

of E32

exc
≈ 32.2 keV and E9.4

exc
≈ 9.4 keV. Both transitions t can either occur via γ emission or

inner conversion. In the latter case the excitation energy is transferred to one or more

shell electrons through Coulomb interaction. In the case where Et
exc

exceeds the binding

energy Es
B

of the electron in shell s ∈ {K ,Ll1,Ml2,Nl3, . . . } with sub shells li , it is emitted

with a net kinetic energy of

Et ,s
kin
= Et

exc
− Es

B
. (3.2)

Hence, the energy of the emitted electron depends on the shell it originates from as well as

on the involved transition energy. Therefore, several lines will be observed in a conversion

spectrum, which conventionally are denoted as: ShellsubshellTransition (i.e. K32, L19.4, . . . ).

The ratio of the emitted electron rate to the emitted photon rate is denoted as the conversion

coe�cient α t ,s = Ṅ t ,s
e
− /Ṅ

t
γ . Thus, the decay rate Ṅ t

K
of the excited krypton-83m by means

of the transition t with half-lifeT t
1/2

can be written as follows, using the law of radioactive
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3.2. Modelling and Implementation

Figure 3.1.: Creation of the
83m

Kr isomer and its deexcitation: The mother isotope
83

Rb

decays by electron capture to
83m

Kr, which deexcitates to the ground state by

γ emission or inner conversion, involving an intermediate state. I speci�es the

corresponding angular momentum and α the conversion coe�cient (diagram

from [Ost08]).

decay:

Ṅ t
K
=

ln 2

T t
1/2

· N t
K
=

∑
s
Ṅ t ,s

e
− + Ṅ

t
γ =

(∑
s
α t ,s + 1

)
Ṅ t
γ . (3.3)

It should be mentioned here that since the krypton-83m is already produced in a decay,

the law for a chain of two decays should be expected for the krypton-83m conversion

electron rate. This adds a time dependency, which either has to be considered in the total

krypton amount in the source, or with a separate intensity parameter I (see discussion in

section 4.2.3).

Using equation 3.3 for the t , s-electron production rate per krypton-83m atom, one obtains

At ,s =
ln 2

T t
1/2

α t ,s∑
s α t ,s + 1

. (3.4)

Due to Heisenberg’s uncertainty principle the lines of the spectrum are not completely

monochromatic, but have a �nite width Γ t ,s
, with mean energy Et ,s

mean
and an energy

distribution function F (E,Et ,s
mean
, Γ t ,s ), which will be speci�ed in equation 3.8. Summing up,

the total electron conversion rate per krypton-83m atom and energy (i.e. the di�erential

spectrum) is obtained as

(
dṄ

dE

)
K

(E) = I

transitions

shells∑
t ,s

At ,s F (E,Et ,s
mean
, Γ t ,s ) . (3.5)

Thus, a krypton-83m conversion line is characterised by its conversion coe�cient (or

intensity), the line mean position and the line width.
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There is a huge amount of experimental values available, stemming from di�erent experi-

mental techniques, for example in [Sev79; BB67; Des+03]. The values used in this work

can be found in table 3.2. Furthermore, a probability p for shake up/o� e�ects to occur is

shown, which leads to a correction of the line intensities. This is discussed in the next

paragraph.

The 9.4 keV transition is of secondary relevance for the KATRIN krypton-83m mode,

since the corresponding conversion electron energies are much smaller than the tritium

endpoint energy, resulting in a huge background due to tritium β electrons in combined

measurements. Furthermore, the primary 32 keV transition can lead to an ionised state of

krypton, while the low density conditions inside the WGTS lead to long neutralisation

times. The secondary 9.4 keV transition is then sensitive to the electronic state of the

krypton, resulting in multiple line structures [DS90]. Therefore the analysis of this work

was restricted to the lines of the 32 keV transition. This eliminates the sum over the

transitions in equation 3.5. Consequently, from here on the 32 in the nomenclature is left

out for clarity.

Shake up/o� E�ect

A way of describing the deexcitation of the krypton-83m atom under electron emission in

the inner conversion process is the sudden approximation. Thereby the emission process is

stated to be separable from the resulting change of the potential of the atom [War+91]. In

this picture the emission of an electron can lead to an excitation of the electrons in the

outer shells, either to a higher state (shake up) or to the continuum (shake o�). In the �rst

process the energy of the primary particles will be reduced by the excitation energy of

the shake up electron, leading to a low-energy satellite line with the same shape as the

main line. The second process, however, produces a low-energy tail of the satellite, since

the excitation can be continuous in energy. For a correct modelling of these processes

all the excitations in di�erent shells have to be considered. This is not necessary for the

KATRIN krypton-83m mode measurements, since all the satellite lines are separated from

the main lines by more than 20 eV to lower energies, which means, that their shape does

not contribute to an integrated measurement of the main lines [Hua10]. However, the

amplitude of the main lines has to be corrected for the existence of the satellites, with the

corresponding transition probabilities and mean energies shown in table 3.3. The satellites

have been included with the same line shape F (E,Et ,s
mean
, Γ t ,s ) as the main lines, which is

discussed in the next paragraph.
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Table 3.2.:
83mKr conversion spectrum - main lines
The total energy of the transition, where the here considered conversion elec-

trons originate from, is ≈ 32 keV. However, since they are emitted from di�erent

shells, which are denoted with the character in the symbol, their energy is not

equal. This is the reason why there are di�erent lines. The probability is used

to correct for shake up/o� e�ects. From here on, the identi�er is left out for the

sake of readability (values from [Wu01; Bam+72; Rös+78; CN73]).

Symbol Emean/eV Γ/eV α probability p in percent

K32 17824.2 2.71 475.99 79.5

L132 30228.8 3.75 31.68 100.0

L232 30422.6 1.25 494.16 82.2

L332 30474.9 1.19 764.94 82.3

M132 31871.5 3.50 5.20 100.0

M232 31927.1 1.60 84.19 100.0

M332 31936.0 1.10 130.15 100.0

M432 32060.9 0.07 1.31 100.0

M532 32060.9 0.07 1.84 100.0

N132 32125.8 0.40 0.64 100.0

Table 3.3.:
83mKr conversion spectrum - e�ective satellite lines
There is the probability of further electrons to be emitted in the process of

internal conversion, due to the shake up/o� e�ect. This leads to satellite lines,

which are modelled to have the same width, conversion coe�cient and line

shape, as the original lines. A sum in the probability column indicates that

there are in fact two separate transitions, which cannot be distinguished in a

KATRIN krypton-83m mode measurement. The denotation with S1, S2, S3 is

purely phenomenological (values from [CN73]).

Symbol Emean/eV probability p in percent

KS1
17664.18 1.43 + 2.13

KS2
17781.00 1.80

KS3
17805.12 4.39 + 9.06

LS1

2
30262.58 1.42 + 2.14

LS2

2
30379.40 1.53

LS3

2
30403.52 3.86 + 8.13

LS1

3
30314.88 1.41 + 2.12

LS2

3
30431.70 1.52

LS3

3
30455.82 3.84 + 8.10
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3. 83mKr Mode of the Windowless Gaseous Tritium Source for Investigation of Systematics

Line Shape Modelling

Krypton conversion electrons have a Lorentzian energy distribution L(E,Emean, Γ ), corre-

sponding to a modelling as a driven, damped oscillator [BW36; WW30]

L(E,Emean, Γ ) =
1

π

Γ/2
(Γ/2)2 + (E − Emean)

2
. (3.6)

Here Emean is the line mean position and Γ the line width. When dealing with Gaussian

�uctuations of the potential and Gaussian broadenings due to Doppler e�ect, it is common

to introduce the convolution of the Lorentzian with a Gaussian kernel G (E,Emean,σg) of

width σg [Bel+08]

G (E,Emean,σg) =
1

√
2πσg

e

−
(E−Emean )

2

2σg
2 . (3.7)

The resulting pro�le is the so-called Voigt pro�le

V (E,Emean, Γ ,σg) =

∫ ∞

−∞

G (τ ,Emean,σg)L(E − τ ,Emean, Γ ) dτ . (3.8)

Implementation in This Work

Summing up the previous paragraphs, the following representation of the di�erential

krypton-83m conversion spectrum has been implemented in this work:

(
dṄ

dE

)
K

(E) = I · A32

satellites

shells∑
l

α l∑
s α32,s + 1

p
l

100

V (E,El
mean
+ Eshi�, Γ l ,σg) . (3.9)

Here I is a �t parameter for the intensity, which by default is set to 1.

The total rate of the 32 keV-transition is A32 = ln 2

1.83 h
= 1.05 · 10

−4 1

s
per krypton atom.

The values for the α l , pl ,El
mean

and Γ l can be found in tables 3.2 and 3.3.

For the sum of the conversion coe�cients, the value

∑
s α

32,s = 2011 [Rös+78] is taken.

This does not correspond exactly to the sum in tables mentioned above: the di�erence

is due to unaccounted lines and measurement uncertainties. It should be stressed that

this only a�ects the measured intensity, which is a free �t parameter. Furthermore, for

systematic studies of the WGTS plasma the line parameters have to be determined in

pre-tritium measurements, when no plasma e�ects are expected. Thus, the corresponding

estimates replace the above literature values.

To account for line shifts, an energy o�set Eshi� is added, which by default is set to 0.

The same holds for the Gaussian width σg, which accounts for line broadenings. These

parameters are used in section 4.1.1 to model source plasma potential-induced e�ects.

Since σg enters the Gaussian convolution kernel quadratically (with exception of the

normalisation), it is expected, that σ 2

g
is a normal-distributed �t parameter. A continuation

to the regime of negative squares is performed, using the method of [Bel+08].
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Figure 3.2.: Di�erential krypton-83m conversion electron spectrum: L, M and N conver-

sion lines and the corresponding shake o�/up lines are shown, which were

calculated using equation 3.9 and the values in tables 3.2 and 3.3. The shown

rate is per atom.

Figure 3.2 shows the implemented conversion lines, with the exception of the K line.

Figure 3.3 shows the corresponding integrated spectrum.

In �gure 3.4 a close-up on the L2 and the L3 line region of interest can be seen. Due to

energy loss by inelastic scattering of the electrons o� the gas inside the WGTS extra steps

can be observed in the spectrum. This has important implications for the krypton-83m

measurements, which is discussed in chapter 4.
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Figure 3.3.: Integrated krypton-83m conversion electron spectrum: The krypton column

density is 5.5 · 10
11 1

m
2
, corresponding to an injection concentration of 10

−10
.

The M1, M4, M5 and N1 krypton-83m conversion lines are not visible for this

con�guration and scale and the tiny additional steps are due to shake up/o�

e�ects.
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Figure 3.4.: Close-up on a region of interest around the integrated krypton-83m L2 and L3

conversion electron lines: On this scale, the steps due to shake up/o� lines are

clearly visible. Due to energy loss by inelastic scattering o� the gas inside the

WGTS, several additional steps can be observed, which are also indicated.
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3.2.2. 83mKr Gas Dynamics

Density Profile

Most of the theoretical work for the WGTS krypton density pro�le has been done in

[KS10], which describes the calculation for several gas mixtures inside the WGTS. The

procedure is reviewed here brie�y.

As for the tritium gas dynamics, the basic procedure is solving the linearised Boltzmann

equation. This is necessary since inside the WGTS a transition from the hydrodynamic

to the molecular �ow regime occurs, which prohibits the usage of common approximate

equations for gas dynamics. Hence, the following equation for the dimensionless gas

throughput Jα of gas species α has to be solved numerically:

Jα ∝
s∑

β=1

Gαβ (z)
nα (z)

nβ (z)

dnβ

dz
(z) . (3.10)

Jα is proportional to the gas throughput of species α , which is a constant of the respective

vacuum system (here the WGTS). The Gαβ (z) are coe�cients from the collision integral,

describing the actual interactions between the particles. These have been calculated in

[KS10], where interpolating formulas are given. nα (z) denotes the number density pro�le

of species α . z is taken to be the coordinate along the WGTS axis (0 is the point of injection).

In general, also the interactions between walls and particles and temperature gradients

could be taken into account, which is actually the case for the tritium gas pro�le.

The density gradients of all the gas species a�ect each other mutually. For krypton, however,

a major simpli�cation can be made: the concentration of krypton inside the WGTS will

always be very small compared to the other gases considered
2
. In the case of a tritium-

krypton mixture this means that the in�uence of krypton (K) on tritium (T) is negligible

in terms of particle interactions. Hence, GTK is set to zero. This also justi�es disregarding

krypton-wall interactions and temperature gradient-driven in�uences on the krypton

pro�le, since it is strongly dominated by krypton-tritium interactions. Consequently,

the tritium density pro�le nT(z) can be calculated in a �rst step, which has mainly been

implemented by [Höt12].

Secondly, the krypton density pro�le is obtained by numerically integrating the following

di�erential equation:

dn∗
K

dz
= −

1

GKK(z)

(
1

LWGTS

+GKT

n∗
K

nT

dnT

dz

)
. (3.11)

Here n∗
2

is proportional to the krypton number density and LWGTS ≈ 10 m is the length

of the WGTS. As can be noticed, there is no dependency on the total krypton amount at

all. This is due to the low krypton density limit. The amount of krypton only enters by

2
The actual krypton concentration during krypton-83m measurement runs can only be predicted within

several orders of magnitude (see chapter 4.2.3) at this point. Even in the most generous case the ratio of

krypton atoms to tritium molecules does not exceed 10
−6

, which satis�es the low density limit.
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Figure 3.5.: Tritium and krypton gas pro�les forT = 110 K, normalised to injection density:

Due to the mass di�erence, the relative krypton concentration is enhanced

towards the WGTS ends.

scaling the resulting gas pro�le in the following way:

nK(z) = nK(0)
n∗

K
(z)

n∗
K
(0)
. (3.12)

Implementation in This Work

Since the front and rear parts of the WGTS are not of equal length, the calculation is carried

out for every part separately. Equation 3.11 is numerically integrated by a RungeKutta4
algorithm with �xed step width. For the boundary condition a reduction factor rp :=

p∗
out

p∗
in

of

the krypton partial pressures is introduced, which is determined by the pumping system.

This a�ects the krypton gas pro�le only at the WGTS ends, since for the most part it is

dominated by the tritium density pro�le. Since rp depends on the �rst integration step

n∗
K
(LWGTS) and the last step n∗

K
(0) the integration has to be carried out several times to

match the given ratio of those two values.

The tritium viscosity µTr has to be adjusted for the higher temperatures. Since no exper-

imental data for tritium is available, it is obtained according to the procedure detailed

in [Sha03]. Consequently, the value for hydrogen
3

can be scaled with the tritium mass,

yielding

µTr =

√
mTr

mH

· µH =
√

3 · 4.313 · 10
−6

kg

m · s
= 7.47 · 10

−6
kg

m · s
. (3.13)

3
Taken from [AMW86], hydrogen, 110 K
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Figure 3.6.: Tritium and krypton bulk velocity pro�les forT = 110 K: Due to the ≈ 14 times

larger mass, the bulk velocity of krypton is approximately

√
14 times lower

than that of tritium molecules. A further in�uence is the di�erence of the gas

pro�les.

Thus, the rotation spectrum is assumed to be the same for H2 and T2 at 110 K.

As a result of numerical integration discrete densities are obtained, which are linearly

interpolated. The total amount of krypton can be speci�ed in two ways: either the total

krypton column density, or the krypton injection concentration can be given (at ~r = ~0).

This should not be mistaken for the overall krypton concentration (i.e. the ratio of krypton

and tritium column densities), which is a slightly di�erent number, due the di�erent shape

of the density pro�les. This can be seen in �gure 3.5, where a tritium and a krypton

gas pro�le are compared. Here, the well-known demixing due to di�erence in masses is

observed.

For the krypton bulk velocity vz the following equation is used [Höt12]:

vz = −v0 ·
R

nK

dnK

dz
(A −C

r 2

R2
) . (3.14)

Here,v0 is the thermal velocity of krypton, R the radius of WGTS and r the radial coordinate.

A and C are pressure dependent parameters from theory already implemented for tritium,

which are independent of the gas species. The resulting bulk velocity pro�les can be seen

in �gure 3.6.

The integration of equation 3.11 only depends on the used tritium density pro�le and is

also valid for non-zero radii r , 0. Hence, 3D calculations of the krypton density can

be carried out for all the positions inside the WGTS where a tritium pro�le is available.

The procedure for tritium is described in [Höt12]. It involves the construction of the 3D
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Figure 3.7.: Relative column density deviation of krypton
∆ρdKr

ρdKr (r=0) in radial direction: A

temperature pro�le was used along the z-axis of the WGTS, which is based on a

test measurement described in [Höt12]. The maximum temperature di�erence

is ∆Tmax = 0.5 K and the central temperature is T = 110 K. This leads to a

maximum deviation of the total krypton column density of 7 · 10
−5

compared

to the central value. r = 45 mm is the radius of the WGTS beam tube.

tritium pro�les out of pre-calculated 2D slices for di�erent parts inside the WGTS beam

tube, which are related to various pressures.

If the standard tritium column density of 5.0 · 10
21 1

m
2

is assumed in krypton mode (T =
110 K), an approximately 4 times larger mean pressure inside the WGTS has to be achievable.

For such high pressures additional 2D slices had to be calculated and added. This enables

3D calculations both for tritium and krypton densities. The radial deviations of the total

column density of krypton from the central value at r = 0 are shown in �gure 3.7.

Summing up, a full implementation of krypton gas dynamics has been realised in this

work which can handle two-dimensional as well as three-dimensional pro�les both for

density and velocity. This enables the data analysis of systematic studies performed in

krypton mode, which are discussed in the next section.
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Figure 3.8.: Plasma formation inside the WGTS: Due to scattering o� gas molecules every

β electron on average creates 15 pairs of ions and secondary electrons. Since

all charged particles are con�ned to magnetic �eld lines, neutralisation at the

walls is strongly suppressed. With the exception of the fast β electrons, all

charged particles are partially thermalised and leave the WGTS only with the

pumping speed. This leads to a comparatively long mean pump out time of

≈1 s and to the formation of a low density-plasma.

3.3. Systematic Studies with the 83mKr Mode

Plasma Potential of the Source

It is expected that the conditions inside the WGTS during tritium measurements produce

a low-density plasma [KAT04]. The contributing particles and processes can be seen in

�gure 3.8: β decay creates 10
11

electrons and
3
HeT

+
molecules per second. Most of the

electrons are re�ected at the retarding potential of the spectrometer section, therefore

traversing the WGTS two times while scattering o� gas molecules. The scattering on

average creates 15 pairs of secondary electrons and ions. Together with the primary

particles emitted in β decay, this makes for T
+
, He

+
,

3
HeT

+
and T

+
2

ions, while due to

chemical reactions and clustering further ions (T
+
3

, T
+
5

and higher) are created. Due to the

con�nement of charged particles to the magnetic �eld lines they cannot neutralise at the

walls, but only leave the WGTS source tube at its ends. Hence, for all charged particles

with the exception of the high-energy β electrons a partial thermalisation is expected,

leading to a pump out time of ≈1 s, strongly in�uenced by the gas dynamics. It has been

estimated in simulations that the secondary electrons for the most part neutralise the
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3. 83mKr Mode of the Windowless Gaseous Tritium Source for Investigation of Systematics

Figure 3.9.: Simulated plasma potential inside the WGTS for 30 K: Rear and tube walls are

set to zero potential, which is visible as a steep drop of the plasma potential

in the corresponding regions. The dip at z = 5 m can be attributed to the gas

injection point of the WGTS (data from [Kuc16]).

positive charges, leading to a quasi-neutral plasma with a small positive space charge. This

neutralisation can only occur if no additional heating mechanism prevents the cooling of

the secondary electrons. In the latter case, or if the number of low-energy electrons is not

su�cient to neutralise the positive charges, additional electrons can be provided by photo

emission from the rear wall. The absolute value of the potential depends on the boundary

conditions, hence the potential of the rear wall or the tube walls. It is expected, however,

that the tube walls have a minor in�uence, since they are parallel to the magnetic �eld

lines and thus lateral charge transport is strongly suppressed. The potential of the rear

wall can be set independently to compensate for work function di�erences of the rear wall

(gold) and tube walls (stainless steel) and to test for the in�uence of the wall on the plasma

potential.

A detailled understanding of the plasma formation and its properties requires a simulation

of the energy distributions of the particles, neutralisation and scattering processes and

gas dynamics. This work has been carried out in [Kuc16]. A resulting potential with the

approximation of axial symmetry can be seen in �gure 3.9. As expected, the potential is

related to the gas pro�le inside the WGTS, while at the centre a dip due to the outgoing gas

�ux at the gas injection can be seen. The rear wall of the WGTS (z = 0 m) as well as the

side tube walls (r = 4.5 cm) have been set to zero potential. Due to the higher mobility of

the electrons compared to the positive charges, the formation of positive charged regions

in front of the walls is expected, which leads to a step increase of the potential. Since the

source is windowless at the front side (z = 10 m) no grounding is observed. It should be

noted that the research of the behaviour of ions in the front side transport system is still

ongoing and might reveal additional e�ects [KAT04].
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3.3. Systematic Studies with the 83mKr Mode

Due to the partition of the detector into 148 pixels, radial inhomogeneities in the beam line

can be observed and taken into account during analysis. The outmost parts of the magnetic

�ux can even be excluded from the analysis in order to avoid boundary e�ects. However,

even the measurement of an individual pixel always represents an average over one

magnetic �eld line, in particular over the electron spectra of the 10 m long WGTS z-pro�le.

Due to the non-vanishing potential, the spectra at di�erent z-positions are shifted with

respect to each other in energy, leading to a shape distortion of the z-integrated spectrum.

If the plasma potential is not taken into account, it is expected that the estimate on the

tritium endpoint is shifted according to the mean of the potential, while the inhomogeneity

dominantly produces a systematic error of the neutrino mass measurement, which is taken

into account with |σsyst(m
2

ν ) | < 0.2 · 10
−3

eV
2

in the KATRIN systematics budget (table 2.1).

For the 30 K simulation of the potential shown in �gure 3.10 the resulting neutrino mass

shift is σsyst(m
2

ν ) = −0.3 · 10
−3

eV
2
, which does not stay in the projected limit. Thus, a

quanti�cation of the size of the WGTS plasma potential is imperative and can be provided

by the krypton-83m mode. This has been successfully demonstrated by the Troitzk neutrino

mass experiment, which also uses a gaseous source [Bel+08]. Since the plasma formation

inside the source is driven by β decay, a krypton-83m conversion spectrum measurement of

pure krypton compared to a mixture of krypton and tritium reveals plasma-related e�ects

on the krypton-83m conversion electron energy spectrum. In particular, the krypton-83m

lines are shifted and broadened according to mean and inhomogeneity of the potential. It

is assumed, that shift and broadening can be related to a systematic shift of the tritium

endpoint and neutrino mass.

To do so, one has to respect the scaling of the WGTS potential with temperature, since

the krypton-83m mode measurements have to be carried out using a signi�cantly higher

temperature than the tritium β endpoint measurements (see section 3.1).

A simulation for the potential for tritium and krypton-83m mode temperature (30 K and

110 K, respectively) in the centre of the WGTS can be seen in �gure 3.10. The inhomo-

geneities measured minimum to maximum increase by a factor of ≈4, which coincides

with the expectation of a linear temperature behaviour. The e�ect of the expected plasma

in krypton-83m mode on the krypton-83m L3 conversion line can be seen in �gure 3.11.

To produce e�ects visible by eye it has been scaled with a factor of 100, such that a clear

line broadening is observed. The line mean has been corrected for the potential-induced

overall shift of Eshi� = 1.9 eV.

The actual plasma e�ects are expected to be much smaller, which requires for an e�cient

and accurate modelling and analysis of the krypton-83m line shape distortion and shift.

This is the main topic of this work and the subject of chapter 4. Beyond that it should be

stressed that not only plasma e�ects, but every external systematic a�ecting the β electron

energy is ultimately visible in the krypton-83m spectrum, such that the krypton-83m mode

provides a unique tool of understanding the experimental setup.
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Figure 3.10.: Simulated z-pro�le of the central plasma potential inside the WGTS for 30 K

(black) and 110 K (red). The total di�erences are ≈ 5 mV and ≈ 20 mV. This is

in agreement with the expectation from the KATRIN design report, which

states a linear scaling of the inhomogeneity with temperature (data from

[Kuc16]).
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Figure 3.11.: E�ect of the WGTS plasma potential on the krypton-83m L3 line: When

including the simulated plasma potential an arti�cial line broadening can be

observed. The potential is scaled by a factor of 100 for better visibility by

eye. This leads to a shift of the line mean of Eshi� = 1.9 eV, which has been

corrected.
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4. Simulation Studies of the 83mKr-Mode
Sensitivity on the Tritium Source
Plasma Potential

As motivated in chapter 3, the krypton-83m mode of the WGTS o�ers the possibility of the

analysis of systematic e�ects on the KATRIN neutrino mass measurement. In particular

it is the only proposed way to study plasma potential inhomogeneities of the WGTS,

discussed in section 3.3. The corresponding limit of the induced neutrino mass shift is

required to be ∆m ≤ 2 · 10
−4

eV
2

[KAT04], which corresponds to a maximum of 10 mV

inhomogeneities, in the case where they can be assumed to be Gaussian (table 2.1).

The objective of this work is to perform sensitivity studies of the krypton-83m mode on the

WGTS plasma potential under expected KATRIN measurement conditions. This is done

utilising the KATRIN software packages SSC and KaFit which are described in section 2.2.2

(general introduction) and in section 3.2, respectively (add-ons required for this work).

Since the potential is not a constant scalar but an unknown scalar function of the WGTS

coordinate ~r , it has to be described by parameterised models, which can be subjected to

the sensitivity analysis. The modelling of the potential and its in�uence on the measured

integrated krypton-83m conversion electron spectrum is discussed in section 4.1.

This is followed by the identi�cation of reasonable operational parameter settings in

section 4.2, which for example includes the discussion of the choice of available krypton-

83m conversion lines, the measurement time distribution and the tritium column density

that is used during these speci�c measurements.

An important process, which grants basic access to the axial position of an electron’s origin

within the ∝ 10 m long beam tube of the WGTS, is inelastic scattering. The underlying

principle is the relation of certain parts of the integrated spectrum to certain origins of the

electrons inside the WGTS, by exploiting the z dependency of the scattering probabilities.

This is discussed in section 4.3.

The studies are divided into two parts, re�ecting the two general in�uences on the sen-

sitivity: a statistical and a systematic analysis. This follows the discussion presented in

section 2.2. For both cases a minimisation of the χ 2
function with respect to the free model

parameters is carried out by KaFit, where both the toy measurement data Ṅexp and the

expected result Ṅtheo are generated using SSC.

• Statistical analysis: The exact same experimental con�guration to generate the toy

measurement and the expectation are provided to SSC. Consequently, the resulting
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4. Simulation Studies of the 83mKr-Mode Sensitivity on the Tritium Source Plasma Potential

error on a model parameter can be interpreted as the mere statistical uncertainty.

The results are presented in section 4.4.

• Systematic analysis: One of the input parameters (for example the WGTS temper-

ature) is arbitrary varied from its nominal value, while keeping all other conditions

unchanged. This will be re�ected in a shift of the estimate of a free parameter,

which can be interpreted as the induced systematic uncertainty. This is presented in

section 4.5.

Based on the results obtained in section 4.4 and 4.5 this chapter is concluded with a

discussion of the general possibilities of the krypton-83m mode and the impact of the

corresponding measurements on the KATRIN neutrino mass measurement in 4.6.

4.1. Discussion of the Source Plasma Potential and its
Modelling

A main di�culty when studying the sensitivity of the krypton-83m mode on the WGTS

plasma potential V is, that the latter is an unknown function of the WGTS coordinate ~r .

Consequently, the sensitivity can only be studied on the parameters of phenomenological

models of the potential.

In this work two di�erent approaches for these models have been chosen: The Voigt

pro�le, which is presented in section 4.1.1, describes the e�ect of the plasma potential on

the krypton-83m conversion electron spectrum by introducing an e�ective, broadened

spectrum, without making any assumptions on the actual plasma potential shape.

In contrast, in the ellipse model (section 4.1.2) and the polynomial model (section 4.1.3)

a distinct shape of the plasma potential is assumed in dependency of some free model

parameters, and the e�ect of the corresponding potentials on the krypton-83m conversion

electron spectrum is calculated using SSC.

In an actual krypton-83m measurement the observables are integrated count rates at

di�erent retarding potentials, thus an integrated spectrum. However, the full informa-

tion on the complex shape of the plasma potential is in general no longer contained in

this spectrum and only a simpli�ed model can be probed. As a consequence the model

parameter estimates of an actual measurement are not necessarily equal to the model

parameter estimates theoretically obtainable by a direct �t of the more complex input

plasma potential. To quantify this e�ect the plasma potential simulation presented in

�gure 3.10 for 110 K is included in the studies as null hypothesis. This allows to compare

the parameter estimates obtained in a direct �t to those obtained in a krypton-83m mode

measurement. One of the �ndings of this work is that those values are in principal not

identical, the reason of which is discussed in 4.6.2.

The parameters which are obtained in krypton-83m mode measurements have to be

translated to tritium β measurement conditions, respecting the di�erent potentials due to

the di�erent operating temperatures. This translation has have to rely on plasma potential
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4.1. Discussion of the Source Plasma Potential and its Modelling

simulations, presented in [Kuc16]. The present work is focused on the determination of

the parameters in krypton-83m mode.

Radial Dependency of the Potential

As it is shown in section 3.2.2 the total column density of krypton and tritium shows only

minor radial variations in the range of 10
−5

, which translates to the same order of radial

di�erences in integrated count rates. For the calculation of statistical sensitivities these

di�erences are negligible and consequently the calculations are carried out by using one

dimensional gas dynamics. For systematic studies the bulk velocity has to be considered.

Since it takes its maximum values at r = 0 and decreases towards the beam tube walls,

calculations with r �xed at 0 are an upper limit on any possible systematic e�ects.

Thus, the calculations made in this work describe the WGTS as a homogeneous system

in radial direction with density and bulk velocity pro�les for r = 0. The integrated rates

which are considered are the total rates over all 148 detector pixels. If a pixelwise analysis

is favoured, it is perfectly valid to scale the integrated rates according to the sensitive

areas of the pixels.

This allows for the major simpli�cation of only considering the z dependency of the plasma

potential, where the radial dependencies can be studied in a pixel- or ringwise analysis.

4.1.1. Voigt Profile of the 83mKr Conversion Electron Lines

One way of modelling the in�uence of the plasma potential on the krypton-83m conversion

spectrum is the Voigt pro�le (see implementation presented in chapter 3.2.1). It is described

by a Gaussian broadening parameter σg and a line shift Eshi�. The in�uence of this

parameters on the krypton-83m L3 line is pictured in �gure 4.1 and �gure 4.2, respectively.

The basic idea in using the Voigt pro�le, which is stated in the design report [KAT04], is

to relate the obtained Eshi� to a shift of the tritium β spectrum endpoint E0 and the normal

broadening σg to a systematic shift of the neutrino mass mν . However, this procedure

involves four major assumptions:

First, the potential induced line shift Eshi� has to be interpretable as a mean potential 〈V 〉
and σg as a measure of the inhomogeneity of the potential σ (V ):

e 〈V 〉 ∝ Eshi� and eσ (V ) ∝ σg . (4.1)

e is the elementary electric charge. Naively, the constants of proportionality are one and

the mean potential is just the integral with respect to z over the length LWGTS of the WGTS.

The latter leads to the following form of the standard deviation

σ 2(V ) = 〈V 2〉 − 〈V 〉2 =

∫
dz

LWGTS

V (z)2 −

(∫
dz

LWGTS

V (z)

)
2

. (4.2)

Values for mean and standard deviation following the above de�nition can be found in

�gure 4.3.
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Figure 4.1.: E�ect of a Gaussian broadening of the krypton-83m L3 conversion line with

standard deviation σg: The original line width is Γ = 1.19 eV (red, continuous

line) and an interval of σg = 0 − 1.0 eV has been used (dashed lines), for

illustration. This is larger than the expected inhomogeneity of the plasma

potential, which is in the 10 mV range.
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Figure 4.2.: Shift of the krypton-83m L3 conversion line with Eshi�: An exaggerated range

of Eshi� = −0.5 − 0.5 eV is shown, where for a realistic plasma potential some

10 meV are expected.
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Figure 4.3.: Fit of the 110 K plasma potential simulation with a single mean V0: the value

of V0 is related to the value of Eshi� in krypton-83 mode measurements. The

standard deviation σ (V ) has been calculated following the de�nition in equa-

tion 4.2.

Second, to use the values of Eshi� and σg obtained from krypton-83m measurements

to correct or quantify systematic e�ects in tritium β measurements, they will have to

be translated to tritium conditions, respecting the scaling of the WGTS potential with

temperature.

Third, it has to be assumed that the e�ect of the plasma potential on the tritium β spectrum

and the krypton-83m conversion spectrum is equivalent. If this is not the case at least the

di�erences have to be known, thus, relations corresponding to those in equation 4.1 have

to hold for the endpoint E0 and the broadening σβ of the β spectrum.

Fourth, the broadening of the spectra as consequence of the plasma potential has to be the

dominant e�ect. In this case it can be analytically calculated that for the induced neutrino

mass shift it holds [RK88]

∆m2

ν = −2σ 2

β . (4.3)

Since it is expected that σ (V ) decreases with temperature, σg should present an upper

limit on σβ and thus on the neutrino mass shift.

However, the major �nding of this work is that assumption three and most dominantly

assumption four are not correct for standard (krypton-83m and tritium) operation of

KATRIN, the consequence of which will be discussed in section 4.6.
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Table 4.1.: Ellipse model: table of simulation parameters.
The free �t parameters are the tilt to the axis α , the semi-minor axis b and the

potential o�setV0. When �tting to plasma potential simulations the semi-major

axis a and the z centre z0 always yielded values very much compatible with their

values in the table, therefore those values were �xed to facilitate the description.

The model can be further simpli�ed by �xing either of the free parameters,

while respecting the di�erent form of the potential for front and rear side.

parameter rear front

α free free

b free free

V0 free free

a 2.5 m 2.5 m

z0 -2.5 m 2.5 m

4.1.2. Ellipse Potential Model

The ellipse model is suitable for accurate �ts of the simulated plasma potentials using 6

free parameters. A general, physically motivated feature of the model is, that it is divided

into independent functions for the front and the rear part of the WGTS.

In the most general form these functions are taken as two half ellipses, each of which are

calculated using the following parameterisation:(
V (t )
z (t )

)
=

(
V0 + a cos t sinα + b sin t cosα
z0 + a cos t cosα − b sin t sinα

)
, t0 < t < t1 . (4.4)

The parameter bounds are chosen in such a way, that the path length is always smaller

than that of a half ellipse, which corresponds to a well de�ned function (with exactly one

V for every z): t0 = arctan(−ba tanα ), t1 = t0 + π .

Accordingly every ellipse is completely described by its centre (V0, z0)
T
, the semi-major

respectively semi-minor axis a and b, and the tilt α with respect to the z axis. This makes

for 10 parameters in total for the most general description. The curves are calculated for

discrete t with ∆t = 0.01 and the corresponding points are linearly interpolated to get the

path.

To simplify the parameter space, some of the parameters were �xed. This leads to a slight

deterioration of the goodness of the �ts to plasma simulations in the mV range, which

becomes more prominent with increasing the tilt to the z axis. However, the overall

description is correct to the mV level, which can be be seen in �gure 4.4. An overview

over the standard values can be found in table 4.1.

The model can be further simpli�ed by �xing the tilt or the semi minor axis to zero, which

leads to a description of the plasma potential of the corresponding WGTS side as an upright

half ellipse or a line, respectively. If both α and b are �xed, the description only contains

the mean of the potential on the respective side, corresponding to a �t with a rectangular

function.
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b = (14.8 ± 0.1) mV
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Figure 4.4.: Fit of the 110 K plasma potential simulation with the 6 parameter ellipse model:

Slight deviations in the few mV range appear in the rear part, which could be

removed by un�xing the corresponding semi major axis. However, the overall

agreement is su�cient for the physical description.

Rectangular model

The rectangular model proved to be a very e�cient way of describing the potential in this

work. It leads to the description of the potential as sum of Θ distributions

V (z) = V r

0
Θ(−z) +V f

0
Θ(z) , (4.5)

with the mean potentials for rear and front V r

0
and V f

0
, respectively. The corresponding �t

can be seen in �gure 4.5.

4.1.3. Polynomial Potential Model

A simpli�ed description of the simulated plasma potential can be given by a polynomial

model, which was implemented in the following form:

V (z) =
∑
i

ai · z
i . (4.6)

For this work the description is restricted to linear order. In this case it consists of a constant

shift a0 and the slope a1, which carries some information about the inhomogeneity of the

potential. Figure 4.6 shows a �t of the plasma potential simulation.
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Figure 4.5.: Fit of the 110 K plasma potential simulation with a simpli�ed, 2 parameter

ellipse model: Since the minor axis and tilts of the ellipses are set to zero,

rectangles are obtained, corresponding to a �t of the potential simulation with

independent means for rear and front part of the WGTS.
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Figure 4.6.: Linear �t of the 110 K plasma potential simulation: Clearly this is only a

loose approximation of the actual shape, but it qualitatively covers the total

inhomogeneity as well as the overall slope of the potential.
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4.2. Input Parameters for the Simulation Studies

Table 4.2.: Simulation parameters and their corresponding ranges
Identi�ed in�uences on the krypton-83m mode simulation studies which di�er

from nominal tritium runs and the corresponding chosen values/ranges. In

addition systematic uncertainties are projected, whose in�uence on the mea-

surement is the subject of systematic studies.

The large value for the measurement time re�ects the fact that the krypton

concentration is not �xed yet and has been estimated conservatively low.

parameter value

total measurement time (h) 0.1 - 10
6

tritium column density (m
−2

) 5 and 50 · 10
20

krypton column density (m
−2

) 3.83 · 10
10

null hypothesis 110 K in �gure 3.10 and V ≡ 0

central temperature (K) 110 ± 2

inelastic cross section at ≈ 30 keV (m
2
) 2.106 · 10

−22± 2.5 %

tritium viscosity at 110 K (
kg

m·s
) 7.47 · 10

−6

transmission width at ≈ 30 keV (eV) 1.5

4.2. Input Parameters for the Simulation Studies

A comprehensive list of all the parameters which di�er in krypton-83m mode from those

in tritium mode can be found in table 4.2
1
. A detailed explanation is given in the following

sections.

4.2.1. The Inelastic Scattering Cross Section

The energy loss of the electrons inside the WGTS is described by an energy loss function

(shown in �gure 2.8) which includes a detailed modelling of di�erent scattering processes,

each of which is energy dependent. Consequently, compared to measurements at the

tritium endpoint it has to be adjusted for simulations of E ≈ 30.5 keV measurements. This

was calculated using the KATRIN software package KELoss, which shows no qualitative

changes to the energy loss function of E ≈ 18.6 keV shown in �gure 2.8.

However, the accuracy of the calculated energy loss functions will not su�ce for an actual

neutrino mass measurement. Consequently, a precise measurement of the energy loss

function will have to be performed using the Rear Section electron gun.

The energy loss function is scaled with the total inelastic scattering cross section σtot,

which is also energy dependent. σtot is adjusted by assuming an inverse proportionality

with the electron energy according to [Liu73], where the stated logarithmic dependency is

negligible. This leads to a about 1.6 times smaller cross section for electrons in the 30 keV

1
It should be noted that (small) uncertainties on these parameters do not lead to major changes of the

results of the simulation studies: since they are present both in the toy measurement data as well as in

the theoretical expectation, they will cancel.
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Figure 4.7.: Krypton-83m K conversion line measured on a tritium β background (continu-

ous line) with nominal tritium column density ρdTr = 5 · 10
21 1

m
2
: krypton-83m

column densities in the range of ρdKr = 5 · (10
10 − 10

13) 1

m
2

are included, where

only for the highest two the step at EK
mean

= 17824 eV can be seen (dashed

lines). The count rates at the K line are in the order of the current limit of the

FPD of ≈ 3.3 Mcps integrated over all pixels.

range compared to the value at the tritium endpoint (taken from [Ase+00]):

σtot(E = 30475 eV) =
18575

30475

· 3.456 · 10
−22

m
2 = 2.106 · 10

−22
m

2 . (4.7)

Since the need for an accurate energy loss function for E > 30 keV for krypton-83m

measurements would imply a second, time consuming electron gun measurement, the

uncertainty of the cross section is subjected to a systematic analysis. The uncertainty is

projected equally as for 18.6 keV to σsyst(σtot) = 2.5 %.

4.2.2. Influence of the Tritium Column Density on 83mKr-Mode Studies

The tritium column density ρdTr plays a major role in WGTS plasma formation, which

is discussed in 3.3. Thus, for studying of systematic e�ects on tritium β spectrum mea-

surements related to the WGTS plasma with the krypton-83m mode, it is advantageous to

choose the same tritium column density. The nominal value is ρdTr = 5 · 10
21 1

m
2
.

However, there are two arguments in favour of a reduced ρdTr in krypton-83m mode:

• When measuring at energies around the krypton-83m K conversion line, the tritium

β spectrum contributes a background rate in the order of 1.6 Mcps at nominal ρdTr

(shown in �gure 4.7). Since this is of the order of the current rate limit of the Focal

Plane Detector (3.3 Mcps integrated over all pixels [Sch14]), it has been proposed to
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4.2. Input Parameters for the Simulation Studies

reduce the tritium column density. This could be achieved without changing the

total column density, by replacing some of the tritium with deuterium, thus lowering

the tritium purity ϵ .

• As stated in section 3.1 the achievable tritium column density might be limited due

to the higher temperatures in krypton-83m mode. This would lead to a reduction of

the overall gas column density, without the necessity to change ϵ .

The following in�uence of varying column density on the outcome of the krypton-83m

measurements should be considered:

• Plasma formation: This is a major in�uence on the WGTS potential, discussed in

[Kuc16]. If the total column density is drastically reduced, the description as a low

density plasma becomes inaccurate. Accordingly, the maximum reduction factor

of the column density considered in this work is 0.1. If only the tritium purity is

reduced, it will still be possible to simulate the plasma and to translate results from

krypton-83m measurements to tritium mode measurement conditions. Most of the

simulations presented in this work include the plasma potential simulation shown

in �gure 3.10 for 110 K in the toy measurement, which was calculated using the

nominal tritium column density, even if a smaller total column density is used in

the simulation. This is justi�ed, since the sensitivities which are presented in this

work are independent of the actual potential.

• Statistical uncertainty: The total column density has a large in�uence on the scatter-

ing probability and consequently on the observed integrated rates of the electrons,

which can be seen in �gure 4.8. Since mainly unscattered and one time scattered

electrons are taken into account in the krypton-83m measurement time distributions

used in this work, the statistical error is expected to decrease with the reduction of

total column density. In case of a reduction of the tritium purity and K-conversion

line measurements, this e�ect is enhanced due to the background reduction.

• Systematic uncertainty: Besides the up to now poorly determined plasma potential,

scattering is the only included physical process which fundamentally breaks the

homogeneity of the energy scale along the z axis of the WGTS
2
. Since the krypton-

83m mode aims to reveal z inhomogeneities, the observables will depend on the

scattering probabilities and correspondingly on the total column density.

For the simulations, which are carried out in this work, only the e�ects related to a total

column density reduction are important. As an input parameter for the analysis, two

values have been considered:

ρdTr = 5 · 10
20

1

m
2

and ρdTr = 50 · 10
20

1

m
2
. (4.8)
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Figure 4.8.: Integrated rate on the plateau of unscattered electrons of the krypton-83m

L3 conversion line as function of the tritium column density: Due to inelastic

scattering changes of the total column density by one order of magnitude lead

to changes in the unscattered rate of about 40 %. The krypton-83m amount in

the source can directly be read o� at nominal column density to be cK = 1.3 in

this example.

4.2.3. The Amount of 83mKr inside the Source

Evidently the amount of krypton-83m released into the WGTS determines the observed

integrated rate of conversion electrons. Thus, a high krypton column density ρdKr is

desirable in order to reach a low statistical uncertainty.

The krypton-83m will be continuously supplied by a rubidium-83 generator of initial

activity ARb(0), with a branching ratio of 0.74 [McC15]. Consequently, the number of

krypton-83m conversion electrons follows a decay chain, with the rubidium-83 decay rate

λRb = 9.3 · 10
−8 1

s
and the krypton-83m decay rate λKr = 1.1 · 10

−4 1

s
. The total amount of

mesomeric krypton-83m NKr which is generated can be written as:

NKr(t ) = 0.74

ARb(0)

λRb

λRb

λKr − λRb

· (e−λRb
t − e

−λKrt )
t>10

4
s

≈ 0.74

ARb(0)

λKr

· e−λRb
t . (4.9)

The last step is valid as soon as the decay reaches the transient equilibrium after a few

hours.

The number of krypton-83m atoms inside the WGTS is further reduced by the emanation

e�ciency FE = 0.8 [Vén+14] of krypton-83m from the rubidium-83 source, adsorption on

the walls FA = 0.3, and the ratio of krypton-83m atoms inside the WGTS to those inside

the supplying loop system: FV = 0.1− 0.001 [Ker04]. Obviously the latter is a major source

2
The gas pro�le provides another violation, but it is (nearly) symmetric to the injection point, hence this

symmetry is left over without scattering. Furthermore, it does not a�ect the energy of the electrons, but

only the rate.
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4.2. Input Parameters for the Simulation Studies

of uncertainty, since a calculation has to take into account the pressure pro�les of every

krypton-83m containing pipe. Therefore this calculation is taken as an order of magnitude

estimate.

Assuming a homogeneous distribution, the total number of krypton-83m atoms inside the

WGTS beam tube is obtained as a product of the krypton-83m column density and the cross

section Asource = 64 cm
2

[KAT04]. Consequently, for the total number of krypton-83m

atoms inside the WGTS beam tube one obtains

NWGTS

Kr
= ρdKr · Asource = 0.74 FE FA FV

ARb(0)

λKr

· e−λRb
t . (4.10)

In transient equilibrium the time dependence of the number of krypton-83m atoms inside

the WGTS is dominated by the rubidium-83 decay rate, which is comparably slow. Over a

measurement time of 10 h this would lead to a relative change of the krypton-83m column

density of 0.3 %, which is neglected in this study
3
. Consequently, this e�ect has to be

compensated for in data analysis or in the measurement procedure
4
. For the purpose of

this analysis, the exponential factor in equation 4.10 is set to 1.

Considering the quantities given, the following range of the krypton-83m column density

is obtained:

ρdKr

1/m2
∝ (10

11 − 10
13) ·

ARb(0)

GBq

. (4.11)

For the foreseen rubidium-83 source activity in the 1 GBq range [Vén+14] a krypton

concentration in the range of 10
−11 − 10

−8
is obtained.

This justi�es the lower density limit which is used in the gas dynamics simulation pre-

sented in section 3.2.2
5
. As a direct consequence the amount of krypton-83m inside the

WGTS beam tube only scales the krypton-83m conversion electron spectrum without any

secondary e�ects. Thus, it is �xed to the value of cK = 1 with the following de�nition:

cK ≡
ρdK

3.83 · 10
10 1

m
2

. (4.12)

cK is very descriptive, since it is equivalent to the integrated L3 count rate in kcps on the

plateau. This only holds in the case of nominal tritium column density, where the change

due to scattering can be seen in �gure 4.8.

According to the above discussion cK = 1 can be taken as an absolute lower limit on the

krypton-83m amount inside the source. For all but the K line it is valid to model higher

concentrations of krypton-83m by choosing exceedingly high measurement times, which

will be discussed in the following section.

3
Including time dependent e�ects is currently not supported in SSC and would require major changes in

the software structure.

4
The measurement procedure used at the predecessor Mainz neutrino experiment is discussed in [Thü07].

For total measurement times less than an hour, the change of krypton-83m conversion electron rate has

been found to be approximately linear. Thus, a mirrored ramping from low to high retarding voltages

and back has been used to eliminate the e�ect.

5
Even in the most generous case where the factors in equation 4.10 are set to 1, the concentration will not

exceed 10
−6

.
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4.2.4. Measured Conversion Lines and Measurement Time Distribution

The 32 keV transition of the krypton-83m conversion electron spectrum generates several

lines which can be used for systematic studies at KATRIN. The lines included for the

studies in this work are listed in table 3.2.

Naturally, favourable characteristics of the lines are high relative intensity, low background

and a small intrinsic width
6
. Thus, the following section aims to identify the line with

the best compromise in combining these quantities, an e�ect which is chosen for the

simulation studies.

Table 4.3 shows integrated rates for di�erent krypton-83m conversion lines to be observed

in a realistic KATRIN measurement. The values are taken at retarding potentialsU = ±7 V

with respect to the line means, thus the upper value lies on the plateau of unscattered

electrons. The di�erence of Ṅ + and Ṅ − can be interpreted as the signal rate. The back-

ground component Ṅ − is induced by conversion lines at larger energies, which contribute

to the count rate due to the integral measurement. Given the Poissonian statistic of the

counts the square root of Ṅ + is used as a measure of statistical uncertainty, respecting the

contribution of both the signal and the background. This leads to the following de�nition

of the Signal to Noise Ratio (SNR) after a given measurement time t :

SNR =
signal√

signal + background

=
Ṅ + − Ṅ −√

Ṅ +
. (4.13)

The K line merits a dedicated discussion, since its mean energy of EK
mean

= 17824 eV is

smaller than the tritium β spectrum endpoint E0 = 18575 eV and it is well separated from

the ≈ 30 keV lines. This has two implications:

• In measurements without tritium (rest tritium column density . 10
16 1

m
2
) the K line

can be measured quasi background free, since the energy resolution of the focal

plane detector is su�cient to subtract the background of the higher energetic lines.

• In measurements with a mixture of krypton-83m and tritium the β spectrum con-

tributes a strong background.

The values for the count rates and SNRs for two di�erent tritium column densities can be

found in table 4.4. Even in the case when the tritium background is completely neglected,

as would be justi�ed for a mixture of krypton-83m and deuterium, the SNR of the L3 line is

slightly larger. Moreover the L3 line o�ers a comparably small intrinsic width Γ (table 3.2).

It therefore has been selected for the simulation studies. In addition, it is also instructive

to study the K line: Due to the large energy separation of the 30 keV lines and the K line,

the transmission width of the MAC-E �lter and the inelastic scattering cross section are

signi�cantly di�erent. Thus, the K line bears further physical relevance.

6
This is intuitively expected. However, krypton-83m measurements of the Mainz neutrino experiment

showed shifting line means with changes of the transmission width for some lines [Thü07]. It was

concluded that the line width should possibly always be larger than the transmission width. The

simulations of this work do not reproduce this e�ect. Thus, another explanation could be the loss of

electrons with high surplus energies due to non-adiabaticity, which is much smaller for the KATRIN

main spectrometer.
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4.2. Input Parameters for the Simulation Studies

Table 4.3.: Signal to Noise Ratio for the krypton-83m conversion lines in the
E ≈ 30keV range
The integrated rates Ṅ + and Ṅ − are evaluated 7 V above and below the mean

line position, respectively. The Signal to Noise Ratio (SNR) is calculated follow-

ing the de�nition in the text. The L3 line shows the highest SNR and a small

width Γ at the same time and is consequently chosen for the krypton mode

studies.

The values are normalised such that Ṅ +(L3) = 1 kcps, corresponding to cK = 1.

The total column density has an in�uence on the presented values due to in-

elastic scattering and is taken to be at the nominal value of ρdTr = 5 · 10
21 1

m
2
.

a) Values are too small, since higher lines have been neglected.

Line Ṅ +/cps Ṅ −/cps SNR/

√
t/s · cK

L1 2561.3 2531.5 0.6

L2 1978.3 1539.1 9.9

L3 1000.0 405.8 18.8

M1 371.0 357.6 0.7

M2 246.6 118.5 8.1

M3 141.6 12.0 10.9

M4 +M5 5.0 1.8 1.4

N a)
1

1.2 0.5 0.6

Table 4.4.: Signal to Noise Ratio of the krypton-83m K conversion line for di�er-
ent tritium column densities
Since the tritium β spectrum contributes a mean background rate 〈ṄTr〉, the

krypton amount cK does not cancel in the SNR. Even for a very large cK = 10000

the SNR of theK line is much smaller than that of L3 for nominal tritium column

density. Only by reducing the latter, the K line becomes competitive.

The background of the 30 keV lines is of the order of 3000 cps · cK (if adiabatic

guidance of the corresponding electrons is assumed) and has been subtracted.

ρdTr/10
20 1

m
2

Ṅ +/kcps Ṅ −/kcps 〈ṄTr〉/kcps SNR/

√
t/s · cK

5 0.567 0.038 178 16.7 · (0.567 + 178 · c−1

K
)−0.5

50 0.277 0.023 1612 8.0 · (0.277 + 1612 · c−1

K
)−0.5
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Figure 4.9.: Retarding potentials in di�erent MTDs for the L3 conversion line: the opti-

mised distribution has exactly one point for every free parameter of the Voigt

pro�le, at retarding potentials where both large statistical sensitivity and low

systematics are expected. However, the physical potential produces more

complex changes of the spectrum, therefore a denser set of potential set-points

should be chosen. A major �nding of this work is the fact, that including the

scattering step ("realistic" scenario) has an in�uence on the measurable results

in krypton-83m mode, compared to a standard distribution.

The amount of krypton-83m and the total measurement time do only scale the spectra. In

the case where no other than the krypton-83m conversion spectrum have to be considered,

which is true for the L3 line, both are a mere measure of the total counts and will only

enter the statistical uncertainty as a product.

Measurement Time Distribution

The dedicated measurement times ti at retarding potentials Ui are referred to as the

Measurement Time Distribution MTD. The choice of the MTD has an impact in four regards:

• Maximal sensitivity: Depending on the model which is �tted to the measured

data speci�c retarding potential settings yield a maximal sensitivity (maximum �rst

derivative of the count rate) to changes of the free model parameters and allow to

break correlations between individual parameters.

• Maximal statistics: To reduce the relative statistical error of the counts, the retard-

ing potentials should be set to points of high absolute rate.
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4.2. Input Parameters for the Simulation Studies

• Minimal systematics: Certain parts of the spectrum may be a�ected more strongly

by the presence of systematic e�ects. In case of the integrated krypton-83m con-

version electron spectrum, the modelling of the steps which evolve due to multiple

scattering of the electrons continuously deteriorates with the number of scatterings,

due to the uncertainty of the inelastic cross section and the energy loss function.

Also, the steps evolving due to the shake up/o� e�ects are not suitable for sensitivity

studies on the plasma potential, since their shape is not accurately modelled.

• E�ects of simpli�ed model assumptions: In the case of phenomenological mod-

els the MTD has a signi�cant in�uence on the parameter estimates, since it deter-

mines how a more complex input model is condensed into a smaller set of parameters.

For the krypton-83m mode this is of major importance, since the choice of MTD

will determine the part of the potential which is actually measured. This is further

discussed in section 4.6.

For the Voigt pro�le a set of optimised retarding potentials is illustrated by the red circles

in �gure 4.9. It consists of one point at the expected line mean to �x Eshi�, one point on

the unscattered plateau to �x I and one point in between, to �x σg. The retarding potential

of the latter which yields the maximum sensitivity can be numerically calculated as the

maximal �rst derivative of the (integrated) Voigt pro�le.

However, for the phenomenological models of the WGTS potential the choice of those

potentials is not as obvious. In addition, sensitivity on a potential model should not be

mistaken for sensitivity on the physical potential, since all tested models are of phenomeno-

logical nature and the shape of the actual potential is not known a priori.

Di�erent distributions were tested in this work, with most of them yielding qualitatively

similar results. However, large di�erences could be observed between distributions which

include the step of �rst scattering ("realistic" scenario in �gure 4.9) and those which only

measure at the unscattered step ("standard" scenario in �gure 4.9). This is not due to

systematic e�ects, but due to the impact of simpli�ed model assumptions and is discussed

in section 4.6.1.

In the sets of retarding potentials shown in �gure 4.9 the measurement time per retarding

potential is equally distributed. Thus, some optimisation could possibly be made at this

point. A further discussion towards an optimised distribution, which should be guided by

the �ndings of this work, can be found in appendix A.2.
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Table 4.5.: z-averaged scattering probabilities for electrons in the 30keV range
The z-averaged scattering probabilities for n time scattering 〈pn〉 are shown

for nominal and reduced column density. An inelastic cross section of σtot =

2.106 · 10
−22

m
2

is assumed, as deduced in section 4.2.1.

ρd in 10
20 1

m
2
〈p0〉 〈p1〉 〈p2〉 〈p3〉 〈p4〉 and higher

5 93.7 % 6.0 % 0.3 % <0.1 % <0.1 %

50 55.9 % 28.6 % 11.0 % 3.4 % <1.0 %

4.3. Sensitivity on Axial E�ects in theWGTS in the Presence of
Inelastic Scattering

Due to inelastic scattering on the gas inside the WGTS the signal electrons can lose

energy, while traversing the WGTS. The probability for this process to occur i times can

be calculated [Ase+00] via

pi (z,θ ) =
(λ(z,θ ) · σtot)

i

i!
e
−λ(z,θ )·σtot , (4.14)

where the e�ective column density in front is obtained as

λ(z,θ ) =
1

cosθ

∫ L
WGTS, f

z
ρ (z′)dz′ . (4.15)

θ is the emission angle of the electron with respect to the z-axis, LWGTS,f the length of the

front side of the WGTS and σtot the total inelastic cross section. Thus, the probability that

a measured electron has been scattered i times is related to the position inside the WGTS

where it originated from. z averaged values for the scattering probabilities pi can be found

in table 4.5.

The fraction of energy that the electrons lose is described by the energy loss function,

which is presented in �gure 2.8. A dominant feature of this function is a peak at ≈ 13 eV,

which is the minimal possible inelastic energy loss. Consequently, the energy scale can

roughly be divided into 13 eV intervals, indicating the number of energy loss processes an

electron was subjected to.

In the case of a continuous tritium β spectrum, of course, this e�ect gets washed out.

In the krypton-83m L3 conversion electron spectrum, however, the e�ect of inelastic

scattering is clearly visible, since it produces an additional step centred 13 eV below the

unscattered main step. Due to the z dependency of the scattering probabilities, electrons

originating from di�erent parts of the WGTS do not contribute equally to these steps, which

can be seen in �gure 4.10. Here the scattering probabilities for zero, single and two-fold

scattering (p0,p1,p2) of the electrons are shown as function of z for nominal tritium column

density. Due to inelastic scattering measuring di�erent parts of the electron spectrum is

related to measuring electrons originating from di�erent regions of the WGTS.
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Notably, this mechanism strongly depends on the column density. In �gure 4.11 the

scattering probabilities for the column density reduced by a factor 0.1 are shown. Clearly,

the possibility of discriminating the origin of the electrons is drastically lowered, and the

energy scale of the WGTS evolves to be nearly homogeneous in axial direction.
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Figure 4.10.: Scattering probabilities for nominal column density of ρdTr = 50 · 10
20 1

m
2
:

Inelastic scattering relates the origin of the electrons inside the WGTS to

regions in the integrated spectrum. In the case of the krypton-83m L3 conver-

sion electron spectrum, shown in the inset, this is visible at a distinct step of

singly scattered electrons. The step at Emean ≈ 30455 eV is due to shake o�,

which is superimposed with the second scattering.
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Figure 4.11.: Scattering probabilities for reduced column density of ρdTr = 5 · 10
20 1

m
2
: Even

in the rear part only 10 % of the electrons lose energy due to inelastic scattering.

Consequently the energy scale of the electrons inside the WGTS is nearly

homogeneous. In the krypton-83m conversion electron spectrum, shown in

the inset, the step due to singly scattered L3 electrons almost vanishes.
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4.4. Statistical Sensitivities of the Parameters of Di�erent
Potential Models

In this section the statistical sensitivities σstat(X ) of the parameters X of di�erent potential

models are shown. According to the discussion on statistical sensitivities in section 2.2.1 it

is expected that σstat is inversely proportional to the square root of the total measurement

time t in case of Gaussian distributed, uncorrelated parameters. Thus, the following form

of the sensitivities is expected:

σstat(X ) = a∗ · t−n
∗

, (4.16)

with 0 < n∗ < 0.5. Only in case of non-Gaussian distributed (corresponding to non-linear

formulated problems) or highly correlated parameters, n∗ will be smaller than 0.5.

The dimension of a∗ and thus the dimension of σstat depends on the used model. Ultimately

the quantity of interest is a measure of the magnitude of WGTS plasma potential. Therefore,

for every parameter statistical sensitivities Sstat as functions of σstat are de�ned that have

dimension of potential.

Furthermore, for the krypton-83m L3 conversion line measurement time and integrated

count rate are simply a measure of the total number of counts and do only enter the

statistical sensitivity as product
7
. Thus, equation 4.16 is replaced by

Sstat(σstat(X ))

mV

=
a

(t/h · Ṅunsc/kcps)n
, (4.17)

with dimensionless parameters a and n and the unscattered integrated count rate Ṅunsc,

measured 7 V below the mean. The values of a and n for the di�erent models can be found

in the tables 4.6, 4.7, 4.8, 4.9 and 4.10.

A description of the models is given in 4.1. The full ellipse model only converged after

unrealistically long measurement times. Thus, the following discussion is restricted to the

simpli�ed rectangular model using the independent �t for front and rear plasma potential

of the WGTS. The de�nitions of the statistical sensitivities are

Sstat(Eshi�) =
1

e
σstat(Eshi�) ,

Sstat(σg) =
1

e

√
σstat(σ

2

g
) ,

Sstat(V0) = σstat(V0),

Sstat(a0) = σstat(a0) ,

Sstat(a1) = σstat(a1) · LWGTS .

(4.18)

e is the elementary electric charge and LWGTS the length of the WGTS. These de�nitions

ensure that the plots showing the statistical sensitivities which are presented on the

following pages are directly comparable.

7
For the simulation the krypton column density of ρdKr = 3.84 · 10

10 1

m
2

(Ṅunsc = 1 kcps) was used and only

the total measurement time was varied.
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Figure 4.12.: Two dimensional negative log-likelihood of the linear model for tritium

column density of 5 · 10
20 1

m
2

and null hypothesis of the 110 K plasma potential

simulation: The minimum of the surface is a line which is perfectly diagonal

in the plane of the constant part a0 and the slope a1 of the potential. Hence,

the parameters are almost completely anti correlated. This is exemplary for

all simulations using WGTS plasma potential models and a reduced tritium

column density.

Null Hypothesis and Measurement Time Distribution

Three di�erent measurement time distributions are used, which are shown in �gure 4.9.

The optimised distribution is only tested for the Voigt pro�le.

Since the null hypothesis of the 110 K WGTS plasma simulation was used, the �tted

parameter estimates are also given. If the �t algorithm �nds the correct minimum, they

are not a�ected by the total measurement time, thus it is su�cient to state only one

value. In the case where the estimates were not stable, indicating highly correlated model

parameters or ill set models, a ’≈’ is put in front. In the case where they were smaller than

or in the order of the statistical uncertainty, ’.’ is prepended.

For all models also the null hypothesis of vanishing potential was tested, which had minor

in�uence on the resulting sensitivities. Therefore, only the results including the 110 K

plasma potential simulation are shown. However, in case of the Voigt pro�le no valid

minima could be found when combining the realistic measurement time distribution and

the 110 K plasma potential null hypothesis. Therefore, for the Voigt pro�le also the results

for the null hypothesis of vanishing potential are presented.
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Tritium Column Density

Most of the presented results use the nominal tritium column density of ρdTr = 5 · 10
21 1

m
2
,

since for a tritium column density reduced by a factor of 0.1, the WGTS plasma potential

models did not converge. The reason for this are strongly correlated parameters, which is

exemplarily shown in �gure 4.12. Only for the Voigt pro�le results for the reduced column

density are given.

Results

The results are presented in the following order:

• Voigt pro�le

110 K plasma potential - nominal tritium column density

vanishing plasma potential - nominal tritium column density

110 K plasma potential - reduced tritium column density

• Rectangular model (simpli�ed ellipse model)

110 K plasma potential - nominal tritium column density

• Linear model

110 K plasma potential - nominal tritium column density
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Voigt profile - 110 K plasma potential - nominal tritium column density
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Figure 4.13.: Statistical sensitivity for the parameters of the Voigt pro�le with null hypothe-

sis of 110 K plasma simulation: The di�erent measurement time distributions

lead only to minor changes in the statistical sensitivity on the parameters.

For the standard MTD, the line shift, averaged over all detector pixels, is mea-

surable to the 10 mV level at 1 kcps in 22 minutes. Measuring σд to this level

in a feasible time t of 10 hours however requires a very strong krypton-83m

source, delivering Ṅunsc = 1 Mcps on the unscattered plateau of the L3 line.

Table 4.6.: Voigt pro�le: statistical sensitivities - L3 - 110K potential
The parameter estimate of σg decreases with total measurement time in a way,

that it is always smaller than the statistical uncertainty. Consequently the

lowest value is given, which is much smaller than the standard deviation of the

potential of σ (V ) = 7.68 mV. The parameter estimate on EShi� is 13 % smaller

than the mean potential 〈V 〉 = 21.36 mV. For the realistic MTD the �tter could

only �nd a minimum for the shortest measurement time, corresponding to a

large statistical uncertainty.

The values of n indicate that Eshi� and σ 2

g
linearly enter the χ 2

function and

that the corresponding likelihood is Gaussian.

MTD estimates a n

Standard

Eshi� = 18.86 meV 6.067 ± 0.006 0.4992 ± 0.0005

σ 2

g
. (3.36 meV)2 104.85 ± 0.08 0.2525 ± 0.0004

Optimized

Eshi� = 18.85 meV 4.378 ± 0.002 0.4996 ± 0.0002

σ 2

g
. (1.5 meV)2 108.9 ± 0.5 0.2530 ± 0.0030

Realistic No valid minimum
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Voigt profile - vanishing plasma potential - nominal tritium column density
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Figure 4.14.: Statistical sensitivity for the parameters of the Voigt pro�le with null hy-

potheses of vanishing potential: The changes on the sensitivities due to

the di�erent null hypothesis are below 5 %. The �ts now also converge for

measurement time distributions which include the step of singly scattered

electrons. However, the sensitivity on σg reduces by about 25 % compared to

the other MTDs. The changes in sensitivity on Eshi� are only signi�cant for

very short measurement times.

Table 4.7.: Voigt pro�le: statistical sensitivities - L3 - vanishing potential
As expected for the null hypothesis of vanishing potential, the parameter esti-

mates on Eshi� and σg were in complete accordance with zero for all statistical

uncertainties.

MTD estimate a n

Standard

Eshi� ≈ 0 6.177 ± 0.005 0.5047 ± 0.0009

σ 2

g
≈ 0 102.1 ± 0.8 0.250 ± 0.004

Optimized

Eshi� ≈ 0 4.405 ± 0.002 0.4999 ± 0.0005

σ 2

g
≈ 0 103.5 ± 0.6 0.243 ± 0.002

Realistic

Eshi� ≈ 0 7.5654 ± 0.0002 0.50174 ± 0.00006

σ 2

g
≈ 0 128.1 ± 0.3 0.259 ± 0.001
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Voigt profile - 110 K plasma potential - reduced tritium column density
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Figure 4.15.: Statistical sensitivity for the parameters of the Voigt pro�le with null hypothe-

sis of 110 K plasma simulation and column density ρdTr = 5 · 10
20 1

m
2
: Due to

the normalisation to Ṅunsc = 1 kcps the di�erences in sensitivities compared

to those for the higher tritium column density are marginal. However, the

normalisation implies a lower krypton column density, which can be read o�

�gure 4.8 to be cK = 0.71.

Table 4.8.: Voigt pro�le: statistical sensitivities - L3 - 110K potential - reduced col-
umn density
In the case of reduced tritium column density, the �ts for the realistic measure-

ment time converge, but the parameter estimate on σg is unstable. However,

reducing the tritium column density and including the step of singly scattered

electrons into the MTD leads to a better accordance with the expectation of

σ (V ) = 7.68 mV and 〈V 〉 = 21.36 mV.

The values of n indicate that Eshi� and σ 2

g
linearly enter the χ 2

function and

that the corresponding likelihood is Gaussian.

MTD estimates a n

Standard

Eshi� = 20.92 meV 5.653 ± 0.003 0.4982 ± 0.0004

σ 2

g
= (4.87 meV)2 100.4 ± 0.3 0.250 ± 0.002

Optimized

Eshi� = 20.91 meV 3.9924 ± 0.0009 0.4993 ± 0.0002

σ 2

g
= (5.13 meV)2 105.8 ± 0.3 0.250 ± 0.001

Realistic

Eshi� = 20.90 meV 6.692 ± 0.006 0.5002 ± 0.0006

σ 2

g
≈ (6.56 meV)2 122.51 ± 0.08 0.2502 ± 0.0004
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Rectangular model - 110 K plasma potential - nominal tritium column density
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Figure 4.16.: Statistical sensitivity on the parameters of the rectangular model with the

null hypothesis of 110 K plasma potential simulation: For both shown mea-

surement time distributions, the front part of the WGTS plasma potential is

measurable with a higher sensitivity. Including the step of one time scattered

electrons into the MTD drastically increases the overall sensitivity (red com-

pared to black). In this case the sensitivity on both parameters is below 10 mV

within a 10 h measurement with Ṅunsc = 0.1 Mcps unscattered rate.

Table 4.9.: Rectangular model: statistical sensitivities - L3 - 110K potential
For the standard MTD, the parameter estimates on the front and rear part

potential showed arbitrary results in the range of 20 mV. The values ofn indicate,

that either the likelihood is not Gaussian or that the model parameters are

highly correlated. By including the step of singly scattered electrons, the mean

potential estimate for front and rear obey values, which are ≈2 % smaller than

the true values of V r

0
= 27.8 mV and V f

0
= 14.9 mV. The values obtained for n

indicate a perfect linear formulation of the problem.

MTD estimate a/mV n

Standard

V r

0
≈ 20 mV 116.7 ± 5.9 0.21 ± 0.01

V f

0
≈ 18 mV 89 ± 4 0.29 ± 0.01

Realistic

V r

0
= 27.3 mV 131.3 ± 1.5 0.498 ± 0.004

V f

0
= 14.7 mV 65.2 ± 0.3 0.501 ± 0.001
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Linear model - 110 K plasma potential - nominal tritium column density
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Figure 4.17.: Statistical sensitivity on the parameters of the linear model with the null

hypothesis of 110 K plasma potential: When the step of scattered electrons

is not included, the sensitivity on the slope a1 falls below 10 mV only for an

experimentally unachievable large number of total counts. The constant part

of the potential a0 will be measurable only with an unscattered rate in the

order of Ṅunsc = 0.1 Mcps. Including the step of singly scattered electrons

into the measurement time distribution drastically enhances the sensitivities.

However, even in this case measuring the slope in a feasible time of 10 h will

require a rate of Ṅunsc = 1 Mcps electrons.

Table 4.10.: Linear model: statistical sensitivities - L3 - 110K potential
In the case of the standard measurement time distribution, the parameter

estimates on the linear model are not stable for di�erent measurement times.

The values of n indicate that the problem is not linearly formulated. Including

the step of one time scattered electrons into the measurement time distribution

yields parameter estimates, which di�er about ≈ 2 % from the true values

of a0 = 21.25 mV and a1 = −2.22 mV. The values of n indicate a perfectly

Gaussian shape of the likelihood.

MTD observable a n

Standard

a0 ≈ 21 mV 44 ± 1 0.23 ± 0.01

a1 ≈ −2 mV/m 399.4 ± 12.9 0.28 ± 0.02

Realistic

a0 = 20.88 mV 31.49 ± 0.09 0.481 ± 0.003

a1 = −2.256 mV/m 340 ± 1 0.485 ± 0.003
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4.5. Systematic Uncertainties

Naturally systematic errors represent a fundamental limit on the overall obtainable sen-

sitivity. In table 4.2 the relevant operational parameters for the krypton-83m mode are

listed along with their projected uncertainties. The in�uence of these uncertainties on the

krypton-83m mode measurements shall be discussed in the following.

4.5.1. Uncertainty of the WGTS Cryostat Temperature

Due to experimental limitations at T ≈ 110 K the temperature sensors can not be individu-

ally calibrated. This might lead to a temperature uncertainty in the few K range. Naturally

the question arises if the strict requirements on the temperature accuracy of tritium mode

(∆T /T < 2 · 10
−3

, see table 2.1) have to be met also in krypton mode. This is analysed in

the following.

The projected dominant in�uence of the temperature on the krypton-83 mode measurement

is due to Doppler e�ect. Correspondingly, only the Voigt pro�le has been chosen for the

systematic study, since it is directly related to a broadening of the spectrum. As it is

discussed in section 4.6.2 broadening e�ects are found to be of little relevance for the

investigation of WGTS potential models, justifying this restriction.

The temperature uncertainty is modelled as a constant shift of the total WGTS temperature

(no e�ects due to di�erent temperature pro�les are considered). The krypton-83m spectrum

is measured with the standard measurement time distribution shown in �gure 4.9. The

temperatures in the toy measurements are de�ected in a large range of ±20 K around

central temperature of T = 110 K, which is taken to be the assumed temperature in the

theoretical spectrum simulation.

The simulation and a linear �t can be found in �gure 4.18 for the Gaussian broadening σ 2

g

of the Voigt pro�le, showing a perfect linear scaling over a large temperature range. The

same can be found for Eshi�, where the resulting �ts of the slope yield

σsyst(σ
2

g
)

(meV)2
= 33.9 ·

∆T

K

and

σsyst(Eshi�)

meV

= 1.7 · 10
−2
∆T

K

. (4.19)

For ∆T = 2.94 K one obtains a systematic uncertainty of

√
σsyst(σ

2

g
) = 10 meV, which is

equal to the demanded sensitivity.

Discussion

Following the discussion in section 2.2.1 statistical and systematic error can be summed

quadratically

σtot(σ
2

g
) =

√
σ 2

stat
(σ 2

g
) + σ 2

syst
(σ 2

g
) . (4.20)
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Figure 4.18.: Systematic shift of the Gaussian broadening parameter squared σ 2

g
with an

uncertainty in the temperature of the WGTS cryostat: The dependency is

perfectly linear over a broad interval of temperatures. The true temperature

present in the toy measurement is 110 K.

If both are taken equal to

√
σstat(σ

2

g
) =

√
σsyst(σ

2

g
) = 10 meV one obtains a deterioration

of the total uncertainty by a factor
4

√
2 to

√
σtot(σ

2

g
) = 12 meV. Clearly this deterioration is

only of minor importance. It can be concluded, that the systematic e�ect of an unknown

central WGTS temperature play a minor role, if the uncertainty does not exceed 3 K.

Theoretical Expectation

The resulting temperature dependence of the braodening parameter σg can fully be ex-

plained by an unaccounted Doppler e�ect. To understand this it is important to consider

that the broadening function of the electron spectrum is no Maxwellian distribution like the

thermal velocity of the gas, since only the components in forward direction are important.

It has been shown in [Höt12] that the broadening function, which has to be convoluted

with the spectrum in non relativistic approximation, can be written as

д(∆E) =
1

√
2πσD

exp


−

1

2

(
∆E

σD

)
2
. (4.21)

Since this is a Gaussian distribution, the Doppler e�ect completely mimics the potential

inhomogeneities, if the latter are described to be Gaussian like in this particular analysis.
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The Doppler width is found to be

σD =

√
2

me

MKr

E kBT . (4.22)

Hereme is the electron mass, MKr the mass of the emitter (here taken to be krypton), E the

electron energy and kB the Boltzmann constant. The linear scaling of σ 2

D
with temperature

can instantly be seen and the constant k of dσ 2

D
= kdT is easily found to be k = 34.8 · (meV)2

K

for a mean energy of EL3 ≈ 30475 eV. This is in good agreement with equation 4.19, where

the deviations should be attributed to secondary e�ects also included in the simulation

(bulk velocity, changes of the gas pro�le and also relativistic e�ects). It is worth mentioning

that the broadening depends on the electron energy, therefore it will be smaller for the K
line if no additional e�ects occur.

The shift of the mean is more di�cult to understand. To �rst order the mean energy of

the electrons is thought to be unchanged by the Doppler e�ect, since the above Gaussian

equation 4.21 is centred at zero. This is due to the isotropic motion of the gas, which has

no e�ect on the mean energy of the electrons. A possible explanation, however, might be

an asymmetric change of the spectral shape due to the bulk velocities of front and rear part

of the WGTS: If the measured number of electrons stemming from those parts was equal,

the bulk velocity would only lead to an additional broadening of the spectrum. However,

since more electrons of the front part are included in the measurement time distribution

due to inelastic scattering, the broadening will be asymmetric, leading to a shift of the line

mean to higher energies.

It can be concluded that the uncertainty of temperature in krypton-83m mode plays a

minor role in this analysis. In contrast to tritium measurements, where the excited �nal

state distribution of the β emitter strongly depend on the temperature and modify the

spectrum shape, here only the Doppler e�ect is relevant.

4.5.2. Uncertainty of the Inelastic Cross Section

The impact of an uncertainty of the inelastic cross section σtot on the krypton-83m mode

measurements was analysed using the rectangle model presented in section 4.1.2. The

analysis was restricted to a plasma potential model, since inelastic scattering is a key

ingredient for measurements of the WGTS plasma potential with axial resolution, as it is

discussed in section 4.6.1.

The total number of counts is chosen in a way, that a statistical sensitivity on the model

parameters of 5 mV for the mean rear potential V r

0
and 10 mV on the mean front potential

V f

0
is obtained (following the results shown in table 4.9) in the case were the true cross

section is used.

However, even for a small �xed de�ection of σtot of 0.5 % compared to the true value of

σtot = 2.106 · 10
−22

m
2

in simulations no valid minimum could be reliably found by the �t

algorithm, indicating, that the model does not describe the toy measurement data.

The scattering cross section was chosen as additional free parameter of the model, which

turned out to be very successful, as can be seen in �gure 4.19. The overall sensitivity on
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Figure 4.19.: Sensitivity on the 110 K plasma potential simulation with the rectangular

model and the inelastic cross section as additional free parameter: as explained

in the text, the sensitivity on σtot should be read as the sensitivity on the

product of σtot and the tritium column density ρdTr.

the parameters of the plasma potential model do not strongly decrease, while the statistical

uncertainty of the cross section parameter is on the permille level with only half an hour

of measurement time at unscattered rate Ṅunsc = 1 kcps.

This simulation uses a �xed and known tritium column density and pro�le. Since σtot

and ρdTr do enter as a product in the scattering probabilities (visible in equation 4.14) it

is likely, that not the statistical uncertainty of σtot can be determined to this level, but

the statistical uncertainty of this product. This is very much comparable to electron gun

measurements (section 2.1).

Thus, this simulation shows, that measurements with krypton-83m mode do not necessarily

require separate electron gun measurements to determine the product of column density

and inelastic cross section, given that the z-dependency of the gas pro�le is well understood.
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4.6. Discussion

Initially, the analysis carried out in this work was focused on the determination of the

WGTS plasma potential inhomogeneity by measuring a line shape distortion of krypton-

83m conversion lines, a procedure frequently proposed and used in other experiments

([KAT04; Hua10; Bel+08]).

However, in the case of KATRIN, this approach was revealed not to deliver a useful

measure for the potential inhomogeneity, but produces ambiguous results, as presented in

section 4.4. In particular, there are large in�uences of the tritium column density and the

measurement time distribution on the sensitivity and, most importantly, on the estimates

of the parameters of the used models. The parameter estimates and the true values are

contrasted in table 4.11 for the potential models and in table 4.12 for the Voigt pro�le. In

general, the �ndings can be summarised as follows:

• Tritium column density: For nominal column density the Voigt pro�le does not

describe the plasma potential according to expectation, since the parameter estimates

are too small and the model �ts do not converge for measurement time distributions

which include the step of singly scattered electrons. On the other hand, lowering the

total column density is bene�cial for the Voigt pro�le, since it raises the statistical

sensitivity and at the same time the parameter estimates approach the expectation.

On the other hand, though, it drastically lowers the sensitivity of the plasma potential

models to a point where the �ts do not converge any more.

• Measurement time distribution: If the step of singly scattered electrons is not in-

cluded in the measured retarding potential interval large deviations appear between

the parameter estimates of the potential models and the true values. By including

the singly scattered electrons, the di�erences fall below 2 %. However, in this case

the description with the Voigt pro�le is only possible for a reduced column density.

All of these observations can be explained by inelastic electron scattering, which leads to

an additional modi�cation of the spectrum shape. Thereby it enforces a position resolved

measurement of the WGTS plasma potential, while prohibiting the measurement of the

total inhomogeneity through the broadening of a single krypton-83m conversion line.

Thus, in addition to this broadening, it is a second process which provides sensitivity on

the WGTS potential, and it is dominant for nominal tritium column density.

When the e�ect of inelastic scattering is taken into account, the results of the sensitivity

studies on the krypton-83m mode measurements presented in this work become easily

explainable, which is provided in section 4.6.1.

Furthermore it is possible to calculate the results for the parameter estimates of the

plasma potential models even on a quantitative basis using a simple analytical model,

which is reduced to the essential physics. It substantiates the importance of inelastic

electron scattering for krypton-83m measurements, while simultaneously providing a

possible explanation for the smallness of the estimates on the broadening parameter

σg. This analytical model, the Minimal Scattering Potential Model MSPM is presented in

section 4.6.2.
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Finally, it is concluded that the dominance of inelastic scattering for providing sensitivity

on the WGTS plasma potential is not restricted to krypton-83m mode, but that it will also

be strongly relevant in neutrino mass measurements, which is discussed in section 4.6.3.
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Table 4.11.: Potential model parameter estimates and true values for the 110K
plasma potential simulation
The true values are derived from the direct �ts, shown in section 4.1. The esti-

mates, to be obtained in an actual krypton-83m mode measurement, depend

on the tritium column density (shown only for ρdTr = 5 · 10
21 1

m
2
) and on the

measurement time distribution (shown in �gure 4.9).

For the standard MTD, di�erences up to 40 % appear. In case of the realistic

MTD, the di�erences are reduced to 2 %. These remaining di�erences are of

principle nature for this kind of measurements due to a physical weighting of

the potential, which is discussed in section 4.6.2.

model true estimate

parameter value standard MTD realistic MTD

V r

0
27.8 mV ≈20 mV 27.3 mV

V f

0
14.9 mV ≈18 mV 14.7 mV

a0 21.25 mV ≈21 mV 20.88 mV

a1 -2.22 mV/m ≈-2 mV/m -2.256 mV/m

Table 4.12.: Voigt pro�le parameter estimates and true values for the 110K plasma
potential simulation
For nominal tritium column density the Voigt pro�le does not su�ciently char-

acterise the total plasma potential: The parameter estimates are signi�cantly

smaller than expected. However, a reduction of the total column density is

strongly bene�cial.

model expected value ρdTr estimate in meV

parameter in meV in 10
20 1

m
2

standard MTD optimised MTD realistic MTD

Eshi� 21.36

50 18.86 18.85 -

5 20.92 20.91 20.90

σg 7.68

50 .3.36 .1.5 -

5 4.87 5.13 ≈6.56
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4.6.1. Impact of Inelastic Scattering on Krypton-83mMeasurements

The impact of inelastic scattering on the krypton-83m mode measurements is revealed in

�gure 4.16. The mean plasma potential in the front part of the WGTS V f

0
can in general be

measured with a higher sensitivity than that in the rear part V r

0
and the inclusion of the

step of singly scattered L3 electrons into the measurement interval drastically increases

the sensitivity on both model parameters.

Inelastic scattering provides axial sensitivity according to the process described in sec-

tion 4.3. This process basically entails two e�ects, which are of major relevance for the

krypton-83m mode measurements:

• Potential model sensitivity: Since the contributions of electrons from di�erent

parts of the WGTS to the step of unscattered and singly scattered electrons are not

equal, it is possible to measure any two parameter plasma potential model only by de-

termining the position of the means of these two steps. Thus, the di�ering deviation

of the means to their intrinsic values contains information on the inhomogeneity of

the plasma potential.

• Shadowing of certain parts of the WGTS: In the case where only one step is

included in the measurement time distribution, only a constrained window of the

WGTS is actually observed. Thus, the broadening of a single step does not contain

the information on the total inhomogeneity of the plasma potential.

All measurements at nominal column density are dominated by this process, which is

evident by the following observations:

• The Voigt pro�le model �t does not converge if both steps are included, since they

are not shifted by the same energy values. Thus, the modelling of the spectrum with

only one shift is already wrong in leading order.

• The parameter estimates obtained by measurements including only the step of

unscattered electrons are wrong, since mainly the front part of the WGTS is actually

visible.

• The parameter estimates obtained by measurements including both spectrum steps

approach the expectation for the two-parameter potential models. In case of more

free parameters like in the full ellipse model, additional information using both line

broadenings has to be exploited, which is only possible for very long measurement

times.

• The sensitivity to the front part of the WGTS is higher, since the step of unscattered

electrons has the larger signal to noise ratio. In addition, the step of singly scattered

electrons is broader, due to the spread of the energy loss function.

• When including singly scattered electrons, the scaling of the sensitivities with the

total number of counts is as expected for linear formulated problems (visible in

the exponents n). This implies a dominant measurement of the line means which

linearly enter the χ 2
statistic, in contrast to the line widths which enter quadratically.

The linearity is also the reason why measurements including the singly scattered

electrons are in general more sensitive.
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4.6. Discussion

As column density is reduced, the dominance of inelastic scattering related axial sensitivity

vanishes, due to the lower scattering probabilities. The WGTS becomes a homogeneous

system:

• The Voigt pro�le now re�ects more accurately the mean and inhomogeneity of the

total plasma potential.

• Plasma potentials models can not be distinguished, since no information on the

actual shape of the potential is visible in the resulting integrated spectrum
8
.

Thus, it is evident that krypton-83m mode measurements aiming to analyse the WGTS

potential in a position-resolved matter rely on the measurement of electron inelastic

scattering. On the other hand, it is also evident that a measurement of the total inhomo-

geneity of the plasma potential using a broadening of a single mono-energetic electron line

will require the absence of inelastic scattering. Hence, both methods are complimentary

and it depends on the column density experimentally available in krypton-83m mode

measurements, which one can be used.

It should be stressed that the quantities related to the WGTS plasma potential which

can actually be measured at krypton-83m conversion lines, to �rst order are the shift of

the means. To second order, also the Gaussian broadenings of the lines are accessible.

However, according to the results presented in section 4.4 even a measurement of the

Gaussian broadenings requires a very large number of total counts. As a consequence,

the measurements of third order e�ects like asymmetric broadenings is out of reach for

realistic KATRIN krypton-83m mode measurements. Thus, the measurement of both

the step of unscattered and singly scattered conversion electrons in principle enables a

maximal four parameter description of the plasma potential.

Inelastic scattering qualitatively explains the dominant process for providing sensitivity

on the plasma potential models. However, in all measurements the parameter estimates

showed deviations from the true values. This is related to the way the physical potential

is averaged in krypton-83m mode measurements, re�ected in equations 4.1 and the cor-

responding discussion. In the case where the electron spectrum is quasi-monoenergetic

the e�ect of this averaging can be analytically quanti�ed, which is done in the following

discussion.

4.6.2. Minimal Scattering Potential Model

The Minimal Scattering Potential Model MSPM, developed in the context of this thesis, gives

a quantitative description of the change of the observed integrated count rate as a function

of the WGTS potential near the mean of the krypton-83m conversion line steps and the

corresponding steps of singly scattered electrons. Following equation 3.1 for retarding

energies above the tritium β spectrum endpoint, the integrated count rate can be written

8
To give an explicit example: In case of vanishing inelastic scattering the WGTS can be described as

symmetric to the injection point. Thus, it is impossible to distinguish potentials V (z) from V (−z) in the

electron spectrum.
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Figure 4.20.: Response as function of the surplus energy E −qU for the retarding potential

of U = 30475 kV: In the detailed response model the transmission edge at

E −qU = 0 and the edge due to single scattering at E −qU = ϵ exhibit a �nite

width. Both are approximated with zero in the MSPM and the continuous

energy loss for larger surplus energies is neglected, such that a description as

sum of Θ distributions is obtained. The transmission probabilities p0 and p1

are z dependent, where mean values averaged over the length of the WGTS

are shown here.

as

Ṅ (qU ) = ϵdet

∫
z

dz

LWGTS

Ω(z)

4π
NK(z)

∫ ∞

−∞

dE

(
dṄ

dE

)
K

R (E,qUtot(z)) , (4.23)

where the sum over WGTS slices was replaced with an integral over the length of the

WGTS LWGTS and Utot(z) ≡ U +V (z) was de�ned. HereU is the retarding potential of the

spectrometer and V the plasma potential inside the WGTS.

As pointed out in section 4.6.1 the dominant process in the simulated krypton-83m mode

measurements was the measurement of line means, which is a �rst-order process. Thus

the analytical description can also be limited to �rst order, implying that any broadening

e�ects can be neglected. This corresponds to the approximation of the response function

as a sum of Θ distributions (�gure 4.20). Accordingly it is written as

R (E,qUtot(z)) = p0(z) · Θ(E − qUtot(z)) + p1(z) · Θ(E − qUtot(z) − ϵ ) , (4.24)

with the probability of no scattering p0, single scattering p1 and minimal energy loss ϵ .
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The integrated rate Ṅ then reads

Ṅ (qU ) = AK ϵdet

∫
z

dz

LWGTS

Ω(z)

4π
NK(z) [p0(z) B (qUtot(z)) + p1(z) B (qUtot(z) + ϵ )] ,

(4.25)

with the de�nition

B (X ) ≡

∫ ∞

X

(
dṄ

dE

)K

dE , (4.26)

which corresponds to the integral rate with �lter energy X . If the z dependency of X is

taken into account, it is the integrated rate produced at the axial position z. AK
is the total

activity of the measured line.

Two further approximations are made in considering only one krypton-83m conversion

line, which will only in�uence the signal to noise ratio, and in neglecting the Doppler

e�ect which is of second order.

Thus, the spectrum is described as a Lorentzian (equation 3.6) with line mean Emean and

width Γ. To compensate for the approximations of in�nitesimal width of the response

function steps and Doppler e�ect, Γ can be replaced by an e�ective width Γ̂i combining

all broadening e�ects. The latter are di�erent for i = 0 scattering and i = 1 scattering.

This procedure contains the approximation that the line shape is still Lorentzian after

undergoing broadening. However, the knowledge of Γ̂i is only necessary for the calculation

of higher order e�ects.

The Lorentzian Pro�le can be integrated analytically, yielding

B (X ) =
1

2

−
1

π
arctan

[
2

Γ̂
(X − Emean)

]
. (4.27)

In the following, equation 4.25 shall be evaluated at retarding potentials near the line mean

qU −q∆U = Emean and the scattered line mean qU −q∆U = Emean − ϵ , with |q∆U | . Γ̂. To

do so, the separation of the steps by ϵ ≈ 13 eV and the smallness of V (z) � Γ̂ is exploited.

Three terms have to be considered, which read

B (Emean + qV (z) + q∆U ) =
1

2

−
1

π
arctan

[
2

Γ̂
(qV (z) + q∆U )

]

B (Emean + qV (z) + q∆U − ϵ ) =
1

2

−
1

π
arctan

[
2

Γ̂
(qV (z) + q∆U − ϵ )

]
|ϵ−q∆U |�Γ̂
≈

1

2

+
1

2

= 1

B (Emean + qV (z) + q∆U + ϵ ) =
1

2

−
1

π
arctan

[
2

Γ̂
(qV (z) + q∆U + ϵ )

]
|ϵ+q∆U |�Γ̂
≈

1

2

−
1

2

= 0 .

(4.28)
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Figure 4.21.: Weighted 110 K plasma potential following equation 4.32: The observable

mean potentials, which are measured at the unscattered and scattered inte-

grated krypton-83m conversion electron steps, are the normalized integral

over potential, acceptance angle, gas pro�le and scattering probability with

respect to the z coordinate, depicted by the coloured areas.

Hence, for the integrated rates in the vicinity of the steps one obtains

Ṅ (Emean + q∆U ) = AKϵdet

∫
z

dz

LWGTS

Ω(z)

4π
NK(z)p0(z)

(
1

2

−
1

π
arctan

[
2

Γ̂
(qV (z) + q∆U )

])
Ṅ (Emean + q∆U − ϵ ) = AKϵdet

∫
z

dz

LWGTS

Ω(z)

4π
NK(z)

(
p0(z)

+ p1(z)

{
1

2

−
1

π
arctan

[
2

Γ̂
(qV (z) + q∆U )

]} )
.

(4.29)

Subtracting all quantities which are independent of the WGTS potential, one �nally obtains

for the change of the integrated count rate with V (z)

∆Ṅ (Emean + q∆U ) = −AKϵdet

1

π

∫
z

dz

LWGTS

Ω(z)

4π
NK(z)p0(z) arctan

[
2

Γ̂0

(qV (z) + q∆U )

]

∆Ṅ (Emean + q∆U − ϵ ) = −A
Kϵdet

1

π

∫
z

dz

LWGTS

Ω(z)

4π
NK(z)p1(z) arctan

[
2

Γ̂1

(qV (z) + q∆U )

]
.

(4.30)

The basic �nding of the MSPM is that for the krypton-83m mode the variation of the

observable (viz., the integrated count rate) is proportional to the weighted integral of the
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4.6. Discussion

Table 4.13.: Measurable mean and standard deviation of the 110K plasma poten-
tial.
The values have been calculated following equation 4.32 using the standard

z-pro�les for 110 K. Thus, 〈Vi〉 are the estimated mean potentials, when only

the step of i time scattered electrons is measured. The accordance with the

Voigt estimate for i = 0 from a detailed simulation (table 4.6) is on the permill

level. The σi (V ) are just upper limits of the standard deviation, since the actual

line shape has been neglected.

scatterings i 〈V 〉i σi (V )

0 18.83 mV 6.05 mV

1 22.72 mV 7.05 mV

arc tangent of the potential, where the weights are provided by all z dependent quantities:

∆Ṅ (V ) ∝

∫
z

dz

LWGTS

Ω(z)

4π
NK(z)pi (z) arctan

[
2

Γ̂i
qV (z)

]
. (4.31)

Here a measurement directly at the mean (q∆U = 0) has been considered (see appendix A.1

for a more detailed discussion).

The dependency on the arc tangent is directly related to the line shape of the conversion

electron spectrum. The change of the line shape will consequently depend on exponents

of
qV (z)

Γ̂/2
, which are strongly dominated by the leading order, due to the smallness of the

potential.

Thus, the linear approximation of the arc tangent is completely su�cient. This leads to the

�nding of the observable mean potential, when measuring at the step of i-time scatterings

〈V 〉i =

∫
z

dz Ω(z)NK(z)pi (z)V (z)∫
z

dz Ω(z)NK(z)pi (z)
. (4.32)

The observable standard deviation σi (V ) of the potential can now be calculated as

σi (V ) =
√
〈V 2〉i − 〈V 〉

2

i . (4.33)

The weighted 110 K plasma simulation can be seen in �gure 4.21 and the corresponding

values are found in table 4.13.

Parameter Estimates of the Voigt Profile

The values in table 4.13 correspond to the estimates which are measurable with the Voigt

pro�le at the step of i scatterings. The weighted standard deviations σi (V ) are smaller

than the non-weighted inhomogeneity of the potential. In addition, by neglecting the arc

tangent the actual shape of the Lorentzian line has been linearly approximated. Thus, the
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Table 4.14.: Measurable parameter estimates of the potential models
The values for the 〈f 〉i and 〈д〉i have been computed following equation 4.32,

using standard KATRIN krypton-83m mode conditions. The deviations of a
and b compared to detailed simulations shown in table 4.11 are on the permill

level.

Model 〈f 〉
0

〈д〉
0

〈f 〉
1

〈д〉
1

a b

V (z) = a + bz 1 0.926 m 1 -0.789 m 20.92 meV -2.257
meV

m

V (z) = a Θ(−z) + b Θ(z) 0.332 0.668 0.638 0.362 27.32 meV 14.61 meV

σi (V ) are upper limits in the case, where the momenta 〈V 2〉 are fully included in the signal.

However, in the arc tangent higher orders will be strongly suppressed with exponents of

qV (z)

Γ̂/2
.

Consequently, the naive approach present in equation 4.2 should be discarded. The

averaging of the potential will naturally have to respect all z dependent quantities, leading

to loss of information on the true shape. The non-weighted averages of the potential can

not be obtained in krypton-83m measurements.

When using the above form of averaging, the constant of proportionality for Eshi� and the

mean potential in equation 4.1 is one. To estimate the constant in case of the Gaussian

broadening parameter, further considerations are necessary which include the actual line

shape.

Parameter Estimates of the Potential Models

In principle the e�ect of plasma potentials on the spectrum steps can be characterised to

�rst order by the means, and to second order by the broadenings measured at step i . Both

can be calculated by equations 4.32 and 4.33, respectively.

The values for the chosen 110 K plasma potential simulation are shown in table 4.13. Those

values are averaged with the pro�les of the scattering probabilities.

For a description using z dependent functions, one has to supply a model of the expected

shape of the potential which uses no more than four parameters. However, in this analysis

only two-parameter models were shown to converge in the used measurement times and

consequently the broadenings σi (V ) were of little relevance.

Thus, this is a 2 × 2 problem, which can easily be solved analytically, if the provided

potential model is parametrised linearly:

V (z) = af (z) + bд(z) , (4.34)

with coe�cients a,b, which should be measured, and known functions f (z),д(z). Hence,

the following system of equations is obtained:(
〈V 〉

0

〈V 〉
1

)
=

(
〈f 〉

0
〈д〉

0

〈f 〉
1
〈д〉

1

)
(4.35)
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which is easily solved for the coe�cients

a =
〈V 〉

0
〈д〉

1
− 〈V 〉

1
〈д〉

0

〈д〉
1
〈f 〉

0
− 〈д〉

0
〈f 〉

1

and b =
〈V 〉

1
〈f 〉

0
− 〈V 〉

0
〈f 〉

1

〈д〉
1
〈f 〉

0
− 〈д〉

0
〈f 〉

1

. (4.36)

The expected shape of the potential has to be weighted according to equation 4.32, which

has been performed using standard gas, scattering and acceptance angle pro�les.

The values for the potential models used in this analysis can be found in table 4.14.

The general accordance to the parameter estimates obtained from detailed simulations

(table 4.11) is on the permill level. Since no broadenings were considered, this is an

evidence, that for nominal column density and measurement time distributions, which

include inelastic scattered electrons, the �rst order processes is strongly dominant.

Concluding Remarks

• Approximations: Basically any experimental broadening e�ects of the spectrum

have been completely neglected (thermal e�ect, bulk velocity, transmission width,

response function), as well as the background of further krypton-83m lines. It

is evident from the comparison of analytical model and simulation, that these

approximations have a minor in�uence on the means of the parameter estimates

and only modify the statistical sensitivity.

• Limited model discrimination: Clearly a two-parameter description of the phys-

ical WGTS plasma potential involves the usage of z-averaged means, which do

not carry any information on the detailed shape. If for example a fast oscillating

plasma potential of the form V (z) = cos(kz) (aΘ(−z) + bΘ(z)) was assumed, the

same output on a and b could be obtained for large k , as for k = 0. The basic

quantities, measurable in krypton-83m mode measurements are the mean potentials

in equation 4.32.

• Deviations of measured estimates and true values: The �ndings will be trans-

ferable to all stationary potentials of an inhomogeneity that is much smaller than

the e�ective width of the measured line. For di�erent potential shapes the deviations

of the true values to the measurable values will be di�erent.

• Non-stationary processes: No time dependent e�ects or plasma instabilities have

been considered in this work. It is conceivable, that such e�ects may lead to additional

Gaussian �uctuations in the signal, even if scattered electrons are included.

4.6.3. Impact on Neutrino Mass Analysis

The sensitivity studies presented in section 4.4 along with their quantitative explanation in

the framework of the minimal scattering potential model shown in section 4.6.2 evidently

reveal that inelastic scattering is the dominant process of providing sensitivity on the

WGTS plasma potential models for krypton-83m measurements at nominal column density.

However, there is evidence that this �nding also holds in KATRIN neutrino mass measure-

ments close to the tritium β spectrum endpoint.
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Table 4.15.: Means and standard deviations of the plasma simulation, simulated at
30K, for di�erent weights
For the standard measurement time distribution, which includes up to two

time scattered electrons, the endpoint- and neutrino mass shift induced by the

30 K plasma potential simulation are ∆E0 = 2.58 meV and ∆mν = −17.87 meV,

respectively. The endpoint shift is smaller than any of the given means of the

potential and the neutrino mass shift is larger than any of the given standard

deviations of the potential and even larger than the total inhomogeneity of

the potential, measured minimum to maximum, of about ∆V = 5 mV.

weight 〈V 〉 σ (V )

1 3.42 mV 1.69 mV

N Tr(z) 3.38 mV 1.48 mV

N Tr(z) · p0(z) 2.65 mV 1.16 mV

N Tr(z) · p1(z) 3.46 mV 1.41 mV

N Tr(z) · p2(z) 4.06 mV 1.43 mV

As the discussion provided in the last chapter shows, in a measurement of the potential an

integral over all z dependent quantities will have to be taken into account. Certainly this

will also hold for the in�uence of the potential on the β spectrum, with the di�erence, that

the in�uence of the individual scattering probabilities is not immediately apparent by eye.

In table 4.15 means and standard deviations of the 30 K plasma potential simulation shown

in �gure 3.10 are presented for di�erent weights, de�ned by the z-dependent scattering

probabilities and the gas density. Two-fold scattering is also shown, since it is included in

the standard KATRIN measurement time distribution.

The induced neutrino mass shift for this potential obtained in simulations would be

∆m2

ν = −0.3 · 10
−3

eV
2
, which implies a Gaussian broadening of the β spectrum in the

range of σβ = 13 meV, if equation 4.3 is used. This is very much larger than any of the

given standard deviations and could possibly be explained by the fact that, as for the

krypton-83m mode measurements, the broadening is not the dominant e�ect.

Further evidence can be found by restricting the measurement time distribution to a 9 eV

interval below the endpoint, which excludes scattered electrons. In this case, the resulting

shift of the endpoint is ∆E0 = 2.65 meV and of the neutrino mass ∆mν = −4.66 meV, which

falls into the expected range.

Clearly this e�ect needs further quanti�cation. Since the neutrino mass shift induced

by a realistic plasma potential is found to be larger than expected, the krypton-83 mode

renders to be even more important, even if not in the way, originally designed. Concrete

possibilities of measurement, respecting the �ndings of this work, will be given in the

next section.
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Table 4.16.: Total measurement time - 10mV sensitivity - rectangular model
A sensitivity on both parametersV r

0
andV f

0
of the rectangular model is reached

within the stated total measurement times, depending on the krypton-83m

integrated spectrum rate on the plateau of L3 line.

The given values apply for the full detector surface area.

rate time

1 kcps 176 h

10 kcps 17.6 h

100 kcps 108 min

1 Mcps 10.6 min

Table 4.17.: Total measurement time - 30mV sensitivity - rectangular model
For a sensitivity of 30 mV on the model parameters V r

0
and V f

0
the necessary

measurement times are signi�cantly shorter.

The given values apply for the full detector surface area.

rate time

1 kcps 19.4 h

10 kcps 116 min

100 kcps 11.6 min

1 Mcps 70 s

4.7. Recommendations for 83mKr Mode Measurements

As pointed out in section 4.6.1 for nominal total column density reasonable krypton-83m

mode measurements have to include the steps of unscatttered and single scattered L3

electrons in the measured retarding potential interval.

The proposed model for analysis is the rectangular model

V (z) = V r

0
Θ(−z) +V f

0
Θ(z) ,

which allows for a quantitative assessment of the mean plasma potential in the front and

rear side of the WGTS.

The required total measurement time when using a measurement time distribution com-

parable to the "realistic scenario" in �gure 4.9 is given in table 4.17 for a 10 mV and in 4.16

for a 30 mV sensitivity, respectively. In each case, the sensitivity on the model parameter

V f

0
is better. Detailed results can be found in section 4.4.

Accordingly, even when using a conservative estimate of the available count rate of 10 kcps

on the unscattered plateau of the L3 line a 30 mV sensitivity will be achievable on both

model parameters in a less than 2 hour measurement.
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5. Conclusion and Outlook

In this thesis the
83m

Kr mode of the KArlsruhe TRItium Neutrino (KATRIN) experiment

has been studied. The KATRIN experiment aims to perform a kinematic measurement

of the neutrino mass by precision spectroscopy of the tritium β decay spectrum at its

kinematic endpoint of 18.6 keV with an unprecedented sensitivity of 200 meV (90 % C. L.).

Reaching this ambitious goal requires careful control of the systematic uncertainties. One

of the systematics related to the gaseous tritium source concerns the potential variation

due to the plasma. The
83m

Kr has been proposed for the quanti�cation of this speci�c

systematic.

For pre-measurement sensitivity studies and data analysis, a comprehensive model of

the tritium source
83m

Kr mode was developed within the KATRIN simulation framework

during this work. This involved the simulation of both the three dimensional velocity

and number density pro�les of the krypton gas inside the source, as well as the energy

spectrum of the conversion electrons. Ultimately, these extensions allowed to simulate

realistic KATRIN
83m

Kr mode conditions and measurements.

The implemented
83m

Kr mode simulation model was used to investigate the sensitivity of

KATRIN
83m

Kr mode measurements on the plasma potential, which was modelled using

two di�erent approaches: motivated by the �ndings of previous works and experiments

a Gaussian broadening σg of the krypton-83m spectrum was considered, which was

assumed to re�ect the total inhomogeneity of the plasma potential. In a complementary

approach, approximate models for the shape of the plasma potential were developed

and the sensitivity with respect to the parameters of these models was analysed. The

analysis was carried out using a detailed simulation of the expected plasma potential as

null hypothesis.

The results were ambiguous: In contrast to the initial expectation, the estimates on the

Gaussian broadening parameter σg were smaller than the total inhomogeneity of the input

plasma potential for nominal KATRIN measurement conditions.

Furthermore, it was found in simulations that the neutrino mass shift induced by a realistic,

simulated plasma potential is considerably larger than the inhomogeneity of the potential

might naively suggest. This leads to the conclusion that, in contrast to the initial proposal

the Gaussian broadening parameter σg cannot be interpreted as an upper limit on the shift

of the neutrino mass for nominal KATRIN measurement conditions.

However, the observations could be fully explained by electron inelastic scattering inside

the tritium source, a process which provides axial sensitivity on the tritium source plasma

potential. Since the electrons which scatter inelastically with the tritium gas loose at least

an energy of 13 eV, the energy spectrum of the electrons can roughly be divided into 13 eV
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intervals, which are related to electrons with di�erent scattering multiplicity. Moreover,

since the probability that a detected electron has been scattered depends on its emission

point in the source due to the e�ective column density it has to traverse, these intervals

can be roughly mapped onto di�erent regions inside the gaseous source.

Hence, due to the axial dependent scattering probabilities in a measurement of the broad-

ening of a single krypton-83m conversion step only a limited section of the tritium source

is actually observed. This kind of measurement does not deliver a reasonable estimate on

the size nor the inhomogeneity of the overall tritium source plasma potential.

Based on this �nding, an alternative and at the same time more sensitive way of studying

the plasma potential has been identi�ed and quanti�ed in this work: by measuring the

mean energies of the step of unscattered and of the step of one time scattered electrons a

plasma potential model with up to two free parameters can be tested. It was shown that

83m
Kr mode measurements based on this process are feasible at KATRIN conditions and an

analytical theory was developed, which enabled to calculate and to con�rm the parameter

estimates obtained in detailed simulations of the known input plasma potential on the

permil level. This raises con�dence in the understanding of the interplay between the

scattering and energy loss in the extended gaseous source and the recovery of the plasma

potential shape.

It can be concluded, that an identi�cation and detailed explanation of the relevant mecha-

nisms in KATRIN
83m

Kr mode has been provided. Furthermore, the analytical description

of the
83m

Kr mode measurements indicates that, in principle, the observed electron spec-

trum shape could be tested against potential models with up to a maximum of four free

parameters.

Outlook: A full quanti�cation of the e�ect leading to the recovery of an unexpectedly

large systematic will be required. The analytical model developed in the present work

gives clear hints on the involved mechanisms and is thus a starting point for analysing

and understanding actual data.

Practical recommendations for measurements testing the results of this study have been

pointed out. It will be instructive to plan and conduct such a measurement program during

the further commissioning phase of KATRIN.
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A. Appendix

A.1. Shape Deformation of Lorentzian Lines with the WGTS
Plasma Potential

This section aims to conclude the discussion in section 4.6.2. Without the linear approxi-

mation and the restriction to the measurement at the mean, the full expectancy value of

the potential reads

〈V 〉i '
Γ̂

2

tan
*.
,

∫
z

dz Ω(z)NK(z)pi (z) arctan

[
2

Γ̂
(qV (z) + q∆U )

]∫
z

dz Ω(z)NK(z)pi (z)

+/
-
− q∆U . (A.1)

Here q∆U is the retarding voltage measured relative to the line mean.

Since the arc tangent has not been neglected, the e�ective line width Γ̂ can not be cancelled.

Figure A.1 shows the measurable mean of the potential as function of q∆U for di�erent

e�ective line widths in the range of 0.1 − 2.3 eV. The intrinsic line width of L3 Γ = 1.19 eV

is painted in red. A comparable potential to the 110 K plasma potential simulation has been

included in the calculation. It can be observed, that the maximum deviation of observable

means is in the range of 0.5 mV for the smallest e�ective width of 0.1 eV. For the intrinsic

line width, it is below 0.1 mV. Naturally the e�ective line width in KATRIN krypton-83m

mode L3 measurements will be larger and the di�erence in means will be even smaller.

A.2. Towards an Optimised Measurement Time Distribution in
Krypton-83mMode

A major outcome of this work is the �nding, that the easiest way to gather information

on the plasma potential is to measure the relative means of the unscattered and one time

scattered step. In �gure A.2 the plasma potential induced relative rate deviation is shown

Ṅ (V ) − Ṅ (V = 0)

Ṅ (V = 0)
. (A.2)

Accordingly, the deviations at the one time scattered step are less than 1/6 than the

deviations at the unscattered step. This implies, that a much larger amount (presumably

6 times as much) of measurement time has to be devoted to the scattered step to get an

optimal sensitivity. However, this has been tested and only minor improvements could be

found.
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A. Appendix

U in V∆q
5− 4− 3− 2− 1− 0 1 2 3 4 5

ob
se

rv
ed

 m
ea

n 
po

te
nt

ia
l i

n 
m

V

17.5

17.6

17.7

17.8

17.9

18

Figure A.1.: Shape deformation of Lorentzian lines with di�erent widths Γ in dependency

of the retarding potential measured relative to the mean: The calculation

includes a plasma potential simulation, which shifts the overall line position

of about 17.73 mV.
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Figure A.2.: Plasma potential induced deviation of integrated L3 rates: Three peaks are

visible at the unscattered line position, the scattered line position and the

shake o� line. The small cracks are numerical artefacts.
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A.2. Towards an Optimised Measurement Time Distribution in Krypton-83m Mode

At high krypton rates of at least 100 kcps the sensitivity on the line shape deformation

can get relevant in a feasible measurement time, according to the sensitivity plots shown

in chapter 4. As it is obvious from �gure A.1, the maximum information on the plasma

potential can be found in a 1 V interval around the line mean. Consequently this should

be a region of long measurements.
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